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Lets look at the player pmin with the smallest score, who has to end up
at position n.

Claim 1: If pmin is moved at all, it is optimal to move him directly to
the end of the list.

Proof: Obviously, moving him towards the front will only increase the
costs of other players to be moved. So assume he will be moved towards the
end to a position i < n (thus saving n — i steps). Now there are two
possibilities: either, the n — i players after him in the list have to be moved
and their costs are increased by 1 (as opposed to that pmin was moved to the
end), or pmin has to be moved again, which clearly is not optimal.

Claim 2: If pmin is moved at all, we can do this in the first move.

Proof: Following from Claim 1, we already know the second part of the
moving costs is fixed. So the only reason not to move pmin first is that his
current position decreases caused by moving other players. But these players
have their moving costs increased by 1 because pmin wasn’t moved to the
end.

If pmin is moved, we have reduced our problem to the same problem



with n — 1 players. If pmin is not moved, we have a similar problem with n —
1 players with the additional restriction that all players after pmin have to be
moved before pmin.

Let pOmin be the player with the smallest score among the remaining n
— 1 players. We can see that it does not help to move pOmin after pmin,
because that would mean we have to move him again, and we gain nothing
from moving him past other players still to be moved (for each of them, we
decreased the moving cost by 1, and increased the moving cost of pOmin by
at least one). If pOmin is currently placed before pmin in the list, by similar
arguments as for Claim 1 we can argue that if pOmin is moved at all, it is
optimal to move him directly before pmin. Also, Claim 2 still works. So we
are left with the case that pOmin is currently placed after pmin and has to be
moved towards the front. If there are players between pmin and pOmin, we
could consider moving them first. If we move pOmin first, the start positions
of the players in between are increased by 1. But if we move some player in
between first, the end position where pOmin has to be moved to increases by
1, so it can’t be bad if we move pOmin first.

So, we can see that by using induction and the arguments presented
above we can prove that each player is moved at most once, and the players
can be moved in ascending order according to their score.
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