
 

 

 

 

 

 

 

2013 年信息学奥林匹克 

 

中国国家队候选队员论文集 
 

 

 

 

教练：胡伟栋 唐文斌 

编辑：胡伟栋 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

中国计算机学会 

 

 

  



 

 

 

  



目录 
 

登顶计划  ·······································································  1 
 湖南师范大学附属中学 彭天翼 

方格取数  ·······································································  9 

 吉林东北师大附中 王康宁 

Two strings 试题讨论  ···················································  17 

 浙江省杭州学军中学  罗干 

Catch The Penguins  ·····················································  23 

 浙江省杭州学军中学  张闻涛 

浅谈分块思想在一类数据处理问题中的应用  ························  27 

 北京市第八十中学 罗剑桥 

搜索问题中的 meet in the middle 技巧  ····························  43 

 江苏南京外国语学校 乔明达 

浅析信息学竞赛中概率论的基础与应用  ······························  57 

 江苏省扬州中学 胡渊鸣 

浅谈数据结构题的几个非经典解法  ····································  71 
 江苏南京外国语学校 许昊然 

重量平衡树和后缀平衡树在信息学奥赛中的应用  ··················  85 

 浙江杭州外国语学校 陈立杰 

浅谈环状计数问题  ·························································  99 

 江苏省常州高级中学 高胜寒 

分块方法的应用  ···························································  109 

 山东胜利第一中学 王子昱 

浅谈容斥原理  ······························································  121 

 四川成都七中 王迪 
 



 



�ºOy �H���ÆNá¥Æ $UÊ

�ºOy

�H���ÆNá¥Æ $UÊ

1 K8�µ

÷ì´���~kÃu�%èx�$Ä"�´3÷ì�§·�ATæ�N

��üÑ§âU¦¯�þì�ºàQºÄuù�k��¯K§�ög�Ñ
e

¡ù���K8"

2 K8£ã

=]
��>

�m��µ2s S���µ512MB

=¯K£ã>

��²¡þ�ìód�X�º:(½µ(x1, y1), (x2, y2), . . . , (xn, yn)"��

�ü�º:�md�ã�ë£�yxiî�4O¤§ù�Ò�¤
��ë��ì

ó§z�:�y��L
T:�pÝ"Xeã¤«µ

2013c&EÆc���¥II[èÿÀè
Ø© 1



�ºOy �H���ÆNá¥Æ $UÊ

·�½Âìó�SÜ�º:�m�ò��x ¶�¤YÜ©£Ø�)º:�

m�ò�¤"XJº:A�º:B�m�ë�ãvkBLìó�SÜ§K·�¡

º:AUw�º:B£½BUw�A¤"

y3ptyl,�º:Ñu§����ìó�º¸£�p:¤§¦�U3º:

�m�ò�þ1r"²Lg�§¦òæ�Xe��«�ì�ªµ

1. Õ3Ñu:§��mw�§XJd�U
w���pì¸3�ý§K��

ýr�§ÄK mýr�"

2. 31r�Ó�§ptyE,*	Xd��m��pì¸§��uy��'�

cw��Ñ�p�ì¸§¦ò�d���p¸r�"

3. XJ�3,���§pty¤Õá� �'�mUw���p¸Ñ�p§K

¦��
ìó�º¸§d�¦�÷ìL§(å"

pty���§æ�Xþ�üÑ§lz�º:Ñu§���p:�´§©O´

õ�º£²¡¥ü:�ål�u§��më�ã��Ý¤

=Ñ\�ª>

1�1���ên§L«ìóº:�ê"

�e5n1§1i1ü��êxi,yi§L«1i�º:��I"

�yxiî�4O§yipØ�Ó(y1, ynØ	)§xi,yiÑ��K�ê"�yy1,yn�

��0"

=ÑÑ�ª>

ÑÑ�n1µz1��¢ê"

1i1�¢êL«l1i�º:Ñu§���p:�´§"

XJÑÑ�IOÑÑ�Ø�Ø�L1e−2§KTÿÁ:�÷©§ÄK�0©"

=�~Ñ\>
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1 6

2 4

3 1

5 5

6 0

=�~ÑÑ>

6.08

0.00

2.24

6.52

9.87

14.97

=�~)º>

´�`²µ

A:ÑuµA− > B

B:ÑuµB

C:ÑuµC− > B

D:ÑuµD− > G− > D− > C− > B

E:ÑuµE− > D− > C− > B
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F:ÑuµF− > E− > D− > C− > B

lD:Ñu�§w���p:´E§�Ú1�G:�§uy�p:B§=�

���Ú1�B:"lÙ§:Ñu�ÑØI�=�"

=êâ5���½>

¤k�êâ÷vxi, yi ≤ 100000"

ÿÁ: ��

1-4 n ≤ 20

5-8 n ≤ 70

9-10 n ≤ 100000�z�º:ÑU��w��p:

11-14 n ≤ 30000

15-20 n ≤ 100000

3 K8©Û

3.1 {z¯K

K8¥�¦·�3÷ì�?¿��Ñ�*	üý�c��p¸§4·�6

�ò¯K{üzµC��k��º:�§â*	d���p¸"�Ò´`§y

3�*ÿ:§lÃ��6�C�k��O(n)�º:"

3.2 ¦��º:Uw���p:

�iÒ: �Uw���p:�L[i]§ mUw���p:�R[i]"��·�

Õ3,�:þ§Ð©�À�Y²��§�e5·�úú�åÞ§��·��À

�Ø2�,�ì{	§d�·�Bé�
L[i]"��c�º:�A§L[i]�B"K

�e5�ü�5�Øó
�µ

• ci�:Ñ?uAB�e�£�î�¤

• A§B�ci�:�þà�þü����:

duA:�½´ci�:�þà������:§¤±B:Ò´ù�þà�
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��ê1��:1"u´·��I�^��Ò�oÐci�:�þà�=�§zg

\\1i+1�:§Ó��oÐà��5�"duo��kO(n)�º:§¤±·�

U3O(n)��mS¦ÑL[i]ÚR[i]"

3.3 �ïãØ�.

3.3.1 �å�{

�ÑL[i]�R[i]�§·�k
��¹��å��{µqÞlz�º:Ñu§

�[´��Cz§E,Ý�O(n2)½�p"ù¿�X·�I�UY�÷Ù¥�­

EO��P{&E"

3.3.2 ïä

-H[i]�L1i�º:�pÝ§-T[i] = max(H[L[i]]§H[R[i]])§KT[i]¿�

Xi:U
w���p¸�pÝ"

�·�lA:Ñu§��1��÷vT [B] >= T [A]�B:�§�e5·��

r�´§ÚlB:Ñur�´§ò����"¤±A��p¸�ålÒ�uB�

�p¸�ål2\þA�B�ål"d�4B�Aë�^k�>§>��AB�m

�ål"é¤k�º:��ù��ö�±�§·�ò����ä£Ï��p¸

vk\Ý§Ù{z�:�\Ý�1¤"lä��!:r�?¿��:�´»�>

�ÚÒ�uT:���p¸�ål"dfs�H=���z�:��Y"

3.3.3 I�)û�¯K

éu��A:§XÛ¯�¦Ñ§ �£½ö m¤1��T [B] >= T [A]�

:§ù´���©²;�êâ(�¯K"·��±^�©�Y\«mRMQ�{

)û"�e50��«~ê����{"

é¤k�º:Ul� m�^SïáV�óL"�e5UT�l����

¯¤k�:"z�¯���:A§K �1��÷vT [B] >= T [A]�B:Ò3d

�V�óL¥A��ý"òA:ÚB:ï>§,�òA:3V�óL¥íØ"

T�{�E,Ý�üSE,Ý"

1ù���`{�(ØX¢-·¯ç"
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3.4 £8�¯K

�d§·�®²3O(nlogn)�üS�mS)û
���{z�¯K§�e

54·�£8��¯K"

·�ä�
3?¿��*ÿ�p¸�Uå"ù¬�·��5�oCzQº

b�·�y3lA:Ñu§ m1r§r�,�:Bþ§uy
�ý��p

¸§=
��1r"=ò:BAT÷vN��5�Qº�B¤3��ã�P1−P2"

Bò÷vµ

• B:�A:�ý,ü�:�ë�£��T1§T2¤�P1 − P2��:

• cA�:ò uT1T2ë��e�£�î�¤

• T1§T2�cA�:�þà�þü����:

ù¿�X§k¿Â�*ÿ:Bò´þà�þ,^>ò�±��ì�ò�ã

�1���:"duci�:�þà��o>ê´O(n)�§¤±k¿Â�*ÿ:

�´O(n)�2�

@o§XÛ¯�¦Ñù
*ÿ:Qº

T1�T2�ë�ÚP1 − P2k�:§ù¿�X�P2\\à��§T2ò���Ñ§


P1\\à��§T2vk��Ñ"u´·�3�oà��Ó�§ÏL¦��Ñ

:Ú�\:��'����§ÒU��¤k*ÿ:"E,ÝE,´O(n)�"


k��*ÿ:�¯K·�ff®²)û
"u´��¯K3O(nlogn)�

�mS�÷)û"

4 o(

4.1 (a5


�K�(a5
uéy¢)¹¥÷ì¯K�g�"^�{�£éy¢¯K

?1©Û§Ø=UJp·���{©ÛUå§�U�NÆSÒ´�
/Æ±�

^0���8�§¿�U-u·�é&EÆ¿m�,�§4·�W3Ù¥"F

"ù«g��ªUé�[k¤éu"

2ùq´��-<,¯�5�
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4.2 )Kg´

£�·��)Kg´µ·�k´ò¯K{üz§CÃ��k�§�e5ò

¯Kz��"§�ÚÚ/)û"ù
Ñ´3)KL§¥����{"

e¡´�öé)K�{��
N¬§F"��[©�µ

3Ï~�)KL§¥§·�I�3®�^�Ú¤¦¯K¥�ïå��xù"

�±|^®Æ�óäl®�^�^í§ww·��U���o"��±l¤¦

¯K�í§ww·��I����o"�^íÚ�í��xk
,�­Ü:§

�^d^�Ï ¯K�xùÒïÐ
§¯K�Ò)û
"

�)K��{´ZC�z�§Ø�3�U�)K�7"����3´µ/�

\)û�¯K�õ§\)ûe��¯K��U5Ò��"0¤±��·��uö
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���ê

À���N¥ �xw

Á �

2013c8ÔèpÿØ©§���K�)K�w"

1 K8

1.1 K8£ã

k��N ∗N���L§z��fpk��ê§1i11j��ê�uAi ∗Bj"

��<l�þ�r�me�§zg�U�m½�er�Ú§¦¬r²L�ê

\\å5§¿¦ù�oÚ��"¦û½rTg§1igl1Pi 11Qi��:r�

1Ri11Si��:§¯z�g²L�ê���oÚ"

1.2 Ñ\�ª

1�1�)ü��êN, T§©OL«��L���ÚÎ¯êþ"

1�1N��ê§L«A1, A2, ..., AN"ù�1�ê´�Å)¤�"

1n1N��ê§L«B1, B2, ..., BN"ù�1�ê´�Å)¤�"

�e5T1§z1o��êPi, Qi, Ri, Si(Pi ≤ Ri, Qi ≤ Si)§¹ÂXK¤ã"

1.3 ÑÑ�ª

ÑÑT1§z1���ê§L«�Y"

1.4 Ñ\�~

3 4
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���ê À���N¥ �xw

1 2 3

2 3 4

1 1 1 1

1 3 1 3

1 1 3 3

1 1 3 1

1.5 ÑÑ�~

2

4

29

12

1.6 êâ��

éu20%�êâ§N ≤ 100, T ≤ 100"

éu50%�êâ§N ≤ 3000, T ≤ 1000"

éu70%�êâ§N ≤ 50000, T ≤ 20000"

éu100%�êâ§N ≤ 200000, T ≤ 50000, 1 ≤ Ai, Bi ≤ 106"�yÎ¯Ü

{§Ø�~	§¤k�Ai, Biþ��Å)¤�"

1.7 �m��

2¦"

1.8 �m��

512MB"
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���ê À���N¥ �xw

2 )Kg´

2.1 �{�

éuz�|Î¯§^Ä�5y��¦)"

�mE,ÝµO(T ∗N ∗N)

�mE,ÝµO(N ∗N)

Ï"�©µ20©

2.2 �{�

þ���{�Î¯�ú
§y3I�\�Î¯"

�Ä|^©£g�"zgUì¥�òÝ/©¤ü�§^Ä�5y¦Ñ¥�

þz�:���Ý/þz�:��Y§¿48?n¥�üý�Ý/"XJ¤Î

¯�å:Úª:3¥��üý§KqÞ²L�¥�þ�:§ÄK48�,�f

Ý/"

XJzgÑ÷ç����{§�ý?n�mE,Ý�Time(N)"K

Time(x) = 2 ∗ Time(x/2) +O(N ∗N ∗ x) (1)

ù�ý?n�mE,Ý�O(N3 ∗ logN)"
XJzg�O÷î�Úç��

�§K

Time(x) = 2 ∗ Time(x/2) +O(x3) (2)

ý?n�mE,Ý�O(N3)"

o�mE,ÝµO(N3 + T ∗N)

�mE,ÝµO(N3)

ý?nE,ÝLp§�U}ÁÙ¦�Y"

2.3 �{n

�Ä©¬�{§XJòù�Ý/©¤S*S¬§ý?nz�:�¬>.�z�

:��Y§±9z�¬Szé:��Y"
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���ê À���N¥ �xw

Î¯�ü�:eØ3Ó�¬§KqÞÙ¥��:1�g²L¬>.� �§

ÄK��£�"

�mE,ÝµO(N3 ∗ (S +N/S2) + T ∗N/S)

�mE,ÝµO(N3 ∗ (S +N/S2))

E,ÝÓ�Lp"

2.4 U?�Y

þã�{$����Ì��Ï´vk5¿�K8¥���­�^�µS

�AÚBþ��Å)¤�"

²L}ÁÚ*	§�±uy�Y�=ò:Ø¬éõ"

5¿��=ò:§Ú§���ü�=ò:�m�Ü©"Xãµ

bXù�=ò:¤3����Ø�u«�¥Ù�>�,���§�Ø�u

«�¥Ùm>�,���"e¡�Ñ�«Ø����Y"

b�ã¥�µS1Ê���Ø�u�µ��Ú�m����"

�Äe�ü«C��Yµ
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���ê À���N¥ �xw

XJ«�¥þ¡�1���ue¡�1�{§K²L1�«C��Y�Y

�`"

XJ«�¥þ¡�1���ue¡�1�{§K²L1�«C��Y�Y

�`"

XJ«�¥þ¡�1���ue¡�1�{§K²L?Û�«C��Y�

��YØ¬C�"

ù�·�Ò�±�Øù�=ò:
"

¤±§�=ò:©O3L1, L2, ..., Lk1£�¤§�½�3�«�`�Y§¦

�µLi1���§�o�uLi−1�Li− 1¤k1���§�o�uLi + 1�Li+1¤

k1���"

ecö¤á§KLi−11����½�uLi−2�Li−1 − 1¤k1���§


Li−21����½�uLi−3�Li−2 − 1¤k1���§...§¤±Li1��'

�c¤k1���Ñ�"

Ïd§?¿��=ò:¤31£�¤���§�'Î¯«�¥�>¤k1

£�¤��Ñ�§½ö'm>¤k1£�¤��Ñ�"


éu�Åêâ§1i1���'�c¤k1��Ñ��VÇ�1/i"

ÏdÏ"�=ò:�ê�µ1/1 + 1/2 + ...+ 1/N = O(logN)"

2.5 �{o

·��åéÑ¤k�U�3=ò:�1Ú�"

,�Ä�5y¦)§d�§�k�U�3=ò:�1Ú�â�k�G�§

Ï"1êÚ�êÑ´O(logN)§
Ï"�¦È�u¦È�Ï"§¤±Ï"G�

ê´O(log2N)"

P¹ê|AÚB�Ü©Ú5\�=£"

�mE,Ý£Ï"¤µO(T ∗ (N + log2N)) = O(T ∗N)

Ï"�©µ50©

2.6 �{Ê

þ��{�´¶´éÑ�U�3=ò:�1£�¤§=Î¯��S�,«m

'�c£��¤¤kêÑ��ê§��¦Ñz�ê��£�c¤1��'§�

�ê=�§
ù�ó��±¦^üNè�5�¤"
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���ê À���N¥ �xw

'X¦z�ê��1��'§��ê§�±l��c×£ù�S�§òü

Nè�è�Ø�u�cê�Ü©Ñè§Kù�ê��1��'§��êÒ´�

cè��ê§,�ò�cê\è"

ý?n���5�m§zgÎ¯�m�O(log2N)"

�mE,Ý£Ï"¤µO(N + T ∗ log2N)

Ï"�©µ100©

�d§·�®�÷)û
ù�¯K"

3 ��

a�CCFJøÆSÚ�6�²�"

a��� P�Ú��²P�é·���"

a��ÏL·�ÓÆ�"
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two strings ÁK?Ø É²Æ�¥Æ ÛZ

two strings ÁK?Ø

É²Æ�¥Æ ÛZ

1 ¯K£ã

�½ü�iÎGAÚB§kÊ«ö�:

ö�1 3AGmÞV\��iÎ¶

ö�2 3AG(�V\��iÎ¶

ö�3 3BGmÞV\��iÎ¶

ö�4 3BG(�V\��iÎ¶

ö�5 Î¯�c�BG3�cAG¥Ñy�gê"

�yiÎþ���i1§�A!BGÐ©��"

1.1 Ñ\ÑÑ

1.1.1 Ñ\�ª

1�11�1©O�Ð©�AGÚBG§1n1���êm§L«ö��g

ê§�e5m1§z1L«��ö�§z11��ê���31-5�m�êi§

eÙ�Ø�5§K3êi�¬k����i1"

1.1.2 ÑÑ�ª

éuz�Î¯§z1ÑÑ���ê§L«BG3AG¥Ñy�gê"

1.1.3 êâ5�

10%�êâ¥§�ªAGÚBG�Ý�Ú�u�u200§ö�ê�u�u10"

30%�êâ¥§�ªAGÚBG�Ý�Ú�u�u2000§ö�ê�u�

u1000"
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two strings ÁK?Ø É²Æ�¥Æ ÛZ

100%�êâ¥§�ªAGÚBG�Ý�Ú�u�u200000§ö�ê�u�

u200000"

1.2 �~

1.2.1 Ñ\

ababc

a

7

5

4 b

5

3 a

1 a

5

5

1.2.2 ÑÑ

2

2

1

1

1.2.3 �~)º

1AgÎ¯ AG BG BG3AG¥Ñy�gê

11g ababc a 2

12g ababc ab 2

13g aababc aab 1

14g aababc aab 1
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two strings ÁK?Ø É²Æ�¥Æ ÛZ

1.3 È��{

1.3.1 �[{

�[z�ö�§éuzgÎ¯§��qÞBG3AG¥� �§,���'

�"

1.3.2 KMP`z�[{

3�[{�Ä:þ§éuÎ¯·�^KMP�{���"

1.4 l�`z�[{

r¤kk'AG�ö��ÜÖ\|¤��0�AG0"

@ozgÎ¯��c�AGÒ��uÎ¯0�AG0�,�ã¥A�k

�BG"

zgknoü«ö�Ò­#��HKMP§Pe=A� ��BG��"

@oÎ¯ÒC¤
ù�A� �kA�3L R-Len(B)+1�m"

Ï�L4~!R4O§¤±Î¯Ò�±O(1))û"

1.4.1 �ö��mE,Ý

ö�1 O(n) yO(1)

ö�2 O(n) yO(1)

ö�3 O(n)

ö�4 O(n)

ö�5 O(n) yO(1)

1.5 �Mê|l�?n�{

1.5.1 3�yl�

|^ff�l��g�§òA!BG�ª�(JG¿3�å§¿3¥mV\

��©�Î(X-+.)§^�Mê|5�o�M�m�'X"

Þ�~fµ
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two strings ÁK?Ø É²Æ�¥Æ ÛZ

�AG:ABABC

�BG:ABA

�ªG: ABABC+ABA

�Mê|üS�:

A

ABA

ABC+ABA

ABABC+ABA

BA

BABC+ABA

BC+ABA

C+ABA

+ABA

1.5.2 ¦Ñ�1��M«m

�cBG3AG1i�1i+Len(B)-1?Ñy§�Óu�cBG�AG1i��M

���ú�cM�Ý(=Lcp)\Len(B)"

·��±^�Oý?nheightê|��{§3log(n)��mSé�ù�«

m"

1.5.3 ÚOÜ{�AGå© �

·�½ÂÜ{ ��:éu�AG� �i§[i,i+Len(B)-1]ù�ãÑ3�c

�AG¥"

1.5.4 äGê|�o

·��±uy:?¿��ö��¬UC�õü� ��Ü{5§¤±·��

±^äGê|5�o�Mê|¥,�ãkõ��Ü{ �"

1.5.5 �ö��mE,Ý

ö�1 O(log(n))

2013c&EÆc���¥II[èÿÀè
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two strings ÁK?Ø É²Æ�¥Æ ÛZ

ö�2 O(log(n))

ö�3 O(log(n))

ö�4 O(log(n))

ö�5 O(log(n))

1.6 ���:

éK8����\g�

é�aêâ(��ÙöÝº

é�a�[�{�`zUå

él��{�A^Uå

2013c&EÆc���¥II[èÿÀè
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Catch The Penguins É²Æ�¥Æ Üª7

Catch The Penguins

É²Æ�¥Æ Üª7

1 ¯K{ã

�Ño��mþN�è��I"

kQ�Î¯§zg�Ñ��:§¯kõ�è�z���IÑ�u�uù�

:"

�~Ñ\:

1

0 0 0 0

2

1 1 1 1.0

1 1 1 -1

�~ÑÑ:

¬

«

êâ��

�20�êâ

êâ1˜2 N,Q≤5000

êâ3˜6 N,Q≤10000

êâ7˜14 N≤30000,Q≤10000

êâ15˜18 N≤10000,Q≤30000

êâ19˜20 N,Q≤30000

2013c&EÆc���¥II[èÿÀè
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Catch The Penguins É²Æ�¥Æ Üª7

1.1 �{0

���åqÞ§éuz��Î¯§��forÌ�qÞz�è�§�äo��

I´ÄÑ�u�uÎ¯��I"

�mE,ÝO(n2)

Ï"�©10©"

1.2 �{0`z

rè�©OUo��IüS

éuz�Î¯§z��3üÐS�ùo�ê|p�©�Ñù���uÎ¯

�I�è���ê

�Ù¥���?1qÞ£~ê`z¤

Ï"�©30©"

1.3 UY`zº

XJ�¦^3��{§q�vkÜ·�êâ(�U£�o��I�Î¯§

J±2UYe�"

·�Ø�ÁX�Äl�?nÎ¯

1.4 ©¬�{

k
l���{§2|^©¬�g�§ØJ���«E,Ý�`u�å{

��{"

1.4.1 lÑz+l�?n

©OòÎ¯Úè�Uì1���IüS

qÞÎ¯"

1.4.2 éqÞ�Î¯

\\¤k1��'§��è�"

Uì1��üS

2013c&EÆc���¥II[èÿÀè
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Catch The Penguins É²Æ�¥Æ Üª7

z\\sqrt(n)�è�§Ò�å?1�güS

Ù{µ�å"

ùÜ©oE,ÝÊ(n
√
n)"

1.4.3 ?1�g�åüS�

®²\\üS�è���ê�M

©¬

Uì1n��IüS

U1o��ocM����ãä

¼êª�ãä

1.4.4 Î¯

�¬µ�©+�Î

��¬µ�å

oE,ÝO(n
√
nlog(n))

Ï"�©µ60˜95

1.5 �`�{

Ï~§©¬?n´3�
E,Ý�`��{�3§�g�E,Ý'�p�

���k��O¬"ùp§·��±�\g�§é����`�©£�{"

1.5.1

òÎ¯Úè��åU1���IüS"

Uì1���I?1/8¿0"

1.5.2

b�üÐS��?ÒS��id[L]˜id[R]§Ù¥k�´è�§k�´Î¯§

-MID�Ùª:"
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Catch The Penguins É²Æ�¥Æ Üª7

1.5.3

48?nL˜MID§MID+1˜RÜ©��Y"£�,§�L§R�Ó�Ò�±�

��£¤

1.5.4

·�uy·��vk?n��¹Ò�k��Ü©£L˜MID¤�è�ém�

Ü©£MID+1˜R¤�Î¯�K�§ù��müÜ©Ñ®²U1���IüÐS

£��o®²üÐS��¤§
§�U1��ü�^S®²ØI�
§·�r�

�Ü©Úm�Ü©U1���I?18¿£kS�5LÜ¿¤§Ü¿¤#�L

�§XJV\�´�>�è�§Òr§noü�/¤�:�\��/8Ü0§X

JV\�´m>�Î¯§Ò3/8Ü0pÎ¯kõ�:3±§noü�/¤�

:��e�§r�Y\\�ù�Î¯p"

1.5.5

�uù�/8Ü0�¢y§·��±^äGê|£½�ãä¤@²ïä"

o�mE,ÝO(nlogˆ3(n))

1.6 �	:

l3��l��g�=�

©¬!©£�g��$^

êâ^S�|©?n

êâ(��ÙöÝº
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

f!©¬g�3�aêâ?n¯K¥�A^

�®½1l�¥Æ Ûêx

Á �

3¿mÚ¢�¥§XÛp�/|�Ú?n�5�êâ´��­�¯K"�

©Ì�?Ø¿m¥�a��5S�Úä/(�k'�êâ?n¯K§Ú\©¬

g��Vg§&?©¬g�3êâ�|�§êâ�ý?n§±9�Ol��{

¥�A^§¿Þ~`²XÛòêâ©¬?n
���mE,Ý$�`D�{"

1 Úó

3�aêâ?n¯K¥§·�I�ª�/ÚO35�
��êâ8Ü¥§

÷v�½^�����k'&E§Xê8½ö���"DÚ�êâ(�§X�

ãä§ò8Ü¥�¤kêâU�½��ªkS/|�å5§¦�zgÎ¯�±

y©¤eZkSÜ©�&E�Ú§l
Jp�Ç"

�©0��«©¬g�§Ó�´òêâkSzÚ�gz§��ªk¤ØÓ§


�*Ð5�r§A^���2�"

©¬g��Ø%´ò��8Üy©¤eZ�5����f8"��/§·

���uò5��C���©�Ó��f8¥§¿�rz�f8���U�½

�(�|�å5"

3êâ?n¯K¥§©¬g�kX2��A^§�Ï´©¬��{äk�


ûÐ�5�µ

ef85�é�§éz�f8�¦^'uf85��E,Ý�p��{"

ef8ê8é�§�¦^���8Ü5�k'��{©O?nz�f83"

3N´uycü^5��m�3gñ"�
þï§QØU4f85�L�§�ØU4f8ê
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

ez�f8SÜ���äk�Ó�5�§�±©O�Ok�é5��{"

�©Ì�?Ø©¬g�3��5S�Úä/(�k'�êâ?n¯K¥�

A^"1 2!0�3;.�êâ(�¥©¬����{"1 3!0�©¬g�

3êâ�ý?n¥�A^"1 4!0�©¬g�3�Ol��{��A^"

2 êâ�©¬z

ù�!0�ü«~��êâ(�=�5S�Úä/(�����©¬�{§

¿©O�ÑA^©¬�{)û�~K"

2.1 �5S��©¬z

3�5S�¥§êâ8Ü�¤k��U�½^Sü�";.�¯K´ª�

/ÚO��ëY�fS�¥÷v�½5�����Ú§d?/Ú”L«�YU


��½m�/©
¤ØÓÜ©��Y�Ú"e¡k0��«~^�©¬�{§

,�Þ~`²XÛ¦^©¬��{p�/)ûda¯K"

©¬��{ lS��1����å§zëY� S ���|¤��¬"e

�ª�{���Øv S �§-§�|¤��¬"

5�2.1. �N �S���Ý§Kþã�{¥¬�ê8Ø�L bN / Sc+1"

5�2.2. ��gÎ¯ö��ÎS�¥1 L����1 R����ëYfS

�£±e{¡«m [L, R]¤�&E"@oØ
���¹3S�¬¥���±	§

«m [L, R]�9����ê8Ø�L 2S"

�â±þü^5�§XJU
3¬��g�o¬S¤k���&E�Ú§

-¬��� S �Ü·��§éu?¿«m§ÒU¯�é�éA����¬�õ

{���§¿Ü¿����«m�&E"

8L�"ùÒ´��o©¬�{��mE,Ý  �
√
N k'��Ï"
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

~K�4

k�� N �ê�S�"z�êÑ´�ê"\I��1M gö�"ö�k

ü«a.:

− ADD Di Xi l1��êm©§z� Di� ��êO\ Xi"

− QUERY Li Ri £��cS�1 Li��1 Ri��Ú"

êâ5�: 1 ≤ N, M ≤ 105§?Û��ê�¥z�ê�ýé�Ø�L 109"

�{©Û

���¹e§zg ADD ö�Ú QUERY ö��9����ê8¬�

� N �§¤±üX��[¬�~ú"�ÄòS�©¬§3¬��gP¹z�¬

S¤k���Ú"

Ún2.1. e¬�����
√
N 5§Kzg�Î��mE,Ý´ O(

√
N)"

äN��{´3�Î�qÞz�¬§e���¹3�Î�«mSK�Y�

�\þd¬����Ú"
�{���ê8Ø�L 2
√
N§���qÞ¦Ú"

ØL§?Uö��E,Ý�,vkU?"ù��´�^�©¬�g�"·

�5¿���¯¢µ

Ún2.2. ��=� ADD ö�¥ Di <
√
N �§I��#����ê8�

L
√
N �"

Ïdò ADD ö�©aµ� Di ≥
√
N �§�±���#�9���±

9¬�Ú§E,Ý´ O(
√
N)¶� Di <

√
N �§·��±�^ê|P¹z

� Di� ADDö��?Uþ�Ú§d��#ö�´ O(1)�"

ù�P¹�z���±9¬�ÚÑ=�Ä
1�a�?Uö�"3�Î

��ÿ§·���qÞ1�a�¤k Di §¿O�z� Di �?Uþ�Úé

�Y�K�"du1�a� Di Ø�L
√
N �§�g�Î��mE,Ý�,

´ O(
√
N)"

4K85
µ�M
5�
�B§©¥¦^

√
N L«Ø�u

√
N ����ê§= d

√
Ne"
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

½n2.3. �±3 O((N +M)
√
N)��mE,ÝS)ûd¯K"

2.2 ä/(��©¬z

3ä/(�¥§���:�mkér��'5"���*��{´F"ò

äy©¤eZ�5����ëÏ¬"e¡0��«ä�©¬�{§éu·�

� S§d�{U
òäy©� Θ(N / S)���� Θ(S)�ëÏ¬"Ù¥ N L«

ä¥�:�ê8"

ÄkÚ\k�ä� DFS S��Vg"Ã�ä�±ò?¿��:���l


=z�k�ä"

½Â2.1 (ä� DFS S�). �o��S�§�Ð´��"l�m©?1�

Ý`kH{§z����:?Ò½ÑÒÒr§\\S��"�"H{(å��

���ªS�¡� DFS S�"

ù�§é?¿��ä·�U����¹k 2N ����DFS S�§ä¥�

z�:éA DFS S�¥�ü���"DFS S�äkûÐ�5�"

Ún2.4. DFS S�¥���ü����'X=kn«µ�o´Ó��:§

�o´If'X§�o´73'X"���«'X¤á��=� DFS �c�

���´ÑÒ�:
�����´\Ò�:"

�âÚn 2.4§�±y²e¡�^5�"

Ún2.5. DFS S�¥�1 u��1 v ��ëYfS�TÐéAl1 u�

éA�: Du �1 v �éA�: Dv ��^´»"´»þ�:Ø
 Du Ú Dv �

�Cú�yk£±e{¡� LCA¤±	Ñ��3fS�¥Ñy
�g"

u´��·����(Øµ

½n2.6. ¦^þ�!0��©¬�{òä� DFS S�©¤ S ¬§@oS

�¥z�¬�¤k��éA�:±9§�� LCAÒ´äþ���ëÏ¬"ëÏ

¬�ê8Ø�L 2N / S"

ùp0��©¬�{¢yå5é{ü§�äk©¬g����5�=z�

¬�5�¿Ø�
�¬�ê8¿Øõ6"e¡·�5w��k'�~K"

6¢Ã�´�3,
:Ñy3Ø� 2�ëÏ¬¥"
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

~K�7

�Ñ�� N �:�äÚ���êK"z^>k��"\I�O�éuz�

(: i§Ù§ N − 1�:�: i�ål¥1K ���´õ�"

êâ5�: 1 ≤ K < N ≤ 50 000§>���´ýé��u 1 000��ê"

�{©Û8

È���{´�gòz�:���§O�Ù§ N − 1�:�§�ål§ü

S±�=����Y"�mE,Ý´ O(N2 logN)9"

·�òäU�c£ã��{©¤eZ����Θ(S)�ëÏ¬"�Ä|^�

��:�m��'5�¯/O�Ñ±��ëÏ¬S�z�:�����Y"

Ún2.7. �: u´Ø3�cëÏ¬S�?¿��:"ÃØ±¬S�=�:

���§l: u���´»þ²L�1��¬S�:´ØC�"

�âÚn 2.7§òØ3�c¬S�¤k:U���´»þ²L�1��¬S

�:£±e{¡�C¬Syk¤©a"w,§Ø3¬S�:�©¤�õ S a"

Ún2.8. �: uÚ: v ´Ø3�cëÏ¬S�áuÓ�a�?¿ü�:"

�: p ´: u Ú: v ��C¬Syk"K±ëÏ¬S�?¿��:���§

: u ���ålØ�u: v ���ål��=�: u �: p �ålØ�u

: v�: p�ål"

Äk§òäH{�H§O�Ñz�Ø3¬S�:��C¬Syk�ål"

éz�a�¤k:§r§�U��C¬Syk�åll���üS"�e5§

qÞëÏ¬S�z�:���§©OO��Y"

½n2.9. ±ëÏ¬S�?¿��: ri ���§�±3 O(S log2N)��m

E,ÝS�ÑÙ§:�: ri�ål¥1 K ���"

7K85
µ²;¯K
8ù�K8k�mE,Ý�`��©E,�äó¿©�){§d?0��){�)ö�M
9XJ¦^ÄêüS§�±òE,Ýü� O(N2)"
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

äN��{Xe"��c±: ri ��"�O�Ù§:�� ri �ål¥

1K ���§·�¦^�©�Y��{"

��©��Y� X"l: ri m©H{¬S�z�:§O�§��: ri �

ål§¿ÚOÙ¥Ø�L X ��kõ��",�é¬S�z�: p§�: p�

� ri �ål� Dp§3±: p��C¬Syk��a:£U�: p�ålüS¤

�kSL¥�©�éØ�u X − Dp ����ê� �§l
O�Ñù�aØ

3¬S�:¥�� ri�ålØ�L X �:�ê8"

ù�§�£Ø: ri 	¤�: ri �ålØ�L X �:�ê8�u cnt"

e cnt < K§`²¢S�Y�u X¶ÄK`²¢S�YØ�u X"u´zg�

©�±ò¢S�Y��� ���§l
± O(S log2N)��mE,Ý�ÑÙ§

:�: ri�ål¥1K ���"

�ÄüS��mE,ÝÚëÏ¬S�:�ê8§

Ún2.10. �±3 O(N logN + S2 log2N)��mE,ÝSO�Ñ��ëÏ

¬S�z�:��Y"

½n2.11. XJ-¬���� Θ(
√
N/ logN) §d�{o��mE,Ý

� O(N1.5 log1.5N)"

2.3 ?�Ú*Ð

k,��Öö�±g1g��5S��©¬�{XÛí2� D���¹§

±9ä�©¬�{´Ä·^u�E,�(�"

3 ©¬�ý?n

ý?n´��o��êâ8Ü�§3¤kÎ¯ö�±céêâ?1�
?

n§  P¹NõN\&E§3Î¯�|^®?nL�&EJp�m�Ç10"

XJò©¬g��ý?n�(Ü§U
p�/)û�a��é2�8Ü�

Î¯K§ùÒ´�!ò?Ø�SN"ù�!Äk`²da�±¦^ý?n`z

�¯K�÷v�5�§,��[0�3S�Úä(�¥ý?n����{"

10XJk?Uö�§���Ä?Uéý?n�&E�K�"
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f!©¬g�3�aêâ?n¯K¥�A^ �®½1l�¥Æ Ûêx

3.1 ý?n�^�

��o�êâ8Ü�8Ü S"

^�3.1 (�Oþ). �ügÎ¯�8Ü©O�8Ü S �f8 AÚf8 B"

KlÎ¯8Ü A��'&E=z�Î¯8Ü B ��'&E�E,Ý´'u8

Ü A�8Ü B �é¡�£= (A− B)
⋃

(B − A)¤�³�¼ê"=d=£�E

,Ý=�é¡�¹k����ê8k'"

�8Ü T �¤kÎ¯�U�9�8Ü S �f8�8Ü"

^�3.2 (�ý?n). éu�½��ê K Ú L§�3��5�Ø�L K �

8Ü T �f8 P§¦�éu8Ü T �?¿���� X§�38Ü T �,��

� Y áu8Ü P ¿�8Ü Y �8Ü X �é¡��³Ø�L L"

XJéêâ8Ü�Î¯÷v^� 3.1§¿��3Ü·� K Ú L¦�êâ8

Ü÷v^� 3.2§Ò�±¦^©¬Úý?n��{Jp�Îö���m�Ç"

d�·�é�^� 3.2¥�8Ü P§¿ý?n8Ü P ¥�����'&E"

zgÎ¯�é���Î���11 X éA��� Y "Ï��� Y �k'&E®

²ý?nL§¿�Î¯÷v^� 3.1§ÒU± O(f(L))�E,Ý12 ò�� Y �

&E¯�/=£��� X �&E"

3.2 �5S��ý?n

��!�	�a3�5S�þª��Î,ëYfS��&E¿�÷vý?

n�^��¯K"Äk0�ý?n��{§,��Ñ��~K"

·�ÄkòS�©¬"�z�¬���� S §K¬�ê8´ Θ(N / S)�"

�â^� 3.1§é?¿¹k len����«m§�3 O(f(len))��mE,Ý�

�Î¯��'&E"u´§·�ù�ý?n?¿ü¬�m13��'&Eµ

�¬ A�?¿�¬§�ÄU3S�¥ �lc���^S�gO�¬ A�

§���z�¬ Bi�m�&E"�â^� 3.1§O�Ñ¬ A�¬ Bi�m�&E

±�§�3 O(f(S))�E,ÝS=z�¬ A�¬ Bi+1�m�&E"u´k

11d?/��”�8Ü T ���§¢Sþ´êâ8Ü S ���f8"
12d? f(L)���± L�gCþ�¼ê
13l�c�¬��à:����¬�mà:�ëYfS�
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½n3.1. =�Ä �3¬ A���z�¬ Bi"�±3 O(f(N))�E,Ý

SO�Ñ¬ A�¤k¬ Bi�m�&E§XJØ�ÄP¹&E�E,Ý"

eP¹?¿ü¬�m&E�E,Ý�±Ø�Ä�{14§·�qÞ¬ Ai§Ò

U± O(Nf(N)/S)��mE,Ý�¤©¬Úý?n�L§"

�â5� 2.2§?¿«m [L, R]�&E�±d,ã®ý?nL�ü¬�m

�fS��&EÏLV\Ø�L 2S �����15"l
��

½n3.2. éu�5S�þ«mÚOa.�¯K§e¯K÷vý?n�^�§

ÄkéS�©¬Úý?n§±�3�Î?¿«m [L, R]�§�±3 Θ(f(S))�

E,ÝS��«m [L, R]�&E"

~Kn16

�Ñ�� N �ê�S�"z�ê´ 1 ∼ N �m��ê"\I�£�M g

Î¯"zgÎ¯�Ñn��ê Li, Ri, Ki§¦«m [Li, Ri]¥Ñy
TÐ Ki g

�ê�ê8"

êâ5�: 1 ≤ N, M ≤ 105"

�{©Û

ù�K8¥§���«m��YØUÏLP¹�
N\&E
¯�Ü¿�

§�|¤���«m��Y§ÏdØU¦^�ãä�êâ(��o"�´Î¯

÷vù��5�µ

Ún3.3. é?¿�ü�«m [L1, R1] Ú [L2, R2]§XJ®²P¹3«

m [L1, R1]¥ 1 ∼ N �m�z�ê�Ñygê±9Ñygê� 1 ∼ N �ê��

ê§�±3 O(|L1−L2|+ |R1−R2|)��mE,ÝS=z�«m [L2, R2]¥ 1 ∼
N �m�z�ê�Ñygê±9Ñygê� 1 ∼ N �ê��ê"

Ï
�±¦^ý?n��{)ûd¯K"

14�±æ^l��{½O�Ãã"
153��«m [L, R]�&E±���íØù
��§¡E�5P¹�&E"
16K85
µ�M
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òS�©¬§-z¬���� Θ(
√
N)§K¬�ê8� Θ(

√
N)"·�U

± Θ(N
√
N)��mE,Ý�Ñ?¿ü¬�m 1 ∼ N �m�z�ê�Ñygê

±9Ñygê� 1 ∼ N �ê��ê"�´ù�P¹�&E´ Θ(N2)�§7L�

�{~�P¹�&Eþ"

Ún3.4. ò¤k¬lc��?Ò� 1 ∼
√
N"K?¿��ê x31 i¬�

1 j ¬�Ñygê�u x3c j ¬�Ñygê~� x3c i− 1¬�Ñygê"

·���o 1 ∼ N �m�z�ê3c 1 ∼
√
N ¬�Ñygê§E,Ýü

� Θ(N
√
N)"ù����o§�3?¿ü¬�m�Ñygê´�d�17"

Ún3.5. 3S�¥Ñy�gêØ�u
√
N �ê�õk

√
N �"

3ý?n�·��P¹ü¬�mÑygê3 1 ∼
√
N �ê�ê8"u´P

¹�E,Ý´ Θ(N
√
N)"�â½n 3.2§·�U± O(

√
N)�E,Ý�(/£

�¤kKi ≤
√
N �Î¯"

éu Ki >
√
N �Î¯§·�Jc?n¤kÑygê�u

√
N �ê�Ñy

gê�cMÚ§Î¯�± O(
√
N)�E,ÝqÞù
ê§O(1)�äz�ê3Î

¯«m¥�Ñygê´Ä�uKi"

½n3.6. þã�{�±3 O(N
√
N)��mE,ÝS�¤ý?n"éuz

gÎ¯§�±3 O(
√
N)�E,ÝS���Y"o��mE,ÝÚ�mE,Ý

� O((N +M)
√
N)"

3.3 ä/(��ý?n

��!�	�aä/(�¥ª��Îü:�m�´»�&E¿�÷vý?

n�^��¯K"Äkò�5S�¥©¬ý?n��{í2�äþ§`²�«

3äþIP'�:��{§,��ÑA^d�{�~f"

Ún3.7. ä/(�¥§?¿ü:�m�{ü´»18 ´���"

Ún3.8. éuk�ä¥�?¿: u Ú: v§�: p �§�� LCA §K

: u�: v�´»TÐd: u�: p�´»Ú: p�: v�´»üÜ©|¤"

17òý?n�1 i¬�1 j ¬�z�ê�Ñygê=z�?¿«m [L, R]�z�êÑygê

�§�Iéc j ¬�z�êÑygê�?U§¦^��c i− 1¬�z�êÑygê��=�"
18�²Lz�:�õ�g�´»"±e/´»”þ�{ü´»"
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·�F"òä¥�eZ�:IP�'�:§¿ý?n?¿ü�'�:�m

�´»§¦�äþ�?¿�^���´» pºX
�^®?nL�´»19 §¿

�´» p¥Ød±	�Ü©�¹k�:ê��"e¡0��«�%��{"

é��k�ä§U�Ýl����^SqÞä¥�z�:¿�ä´ÄòÙ

IP�'�:"ò?¿��: uIP�'�:��=�: u�fä¥�3��

:�: u�´»þvk'�:�´»þ�:�ê8�u S" S ´�½�ê"

Ún3.9. �N�ä�:8��§K�%�{IP�'�:Ø�LN / S�"

Ún 3.9¤á��Ï´z�'�:��´ S ��'�:���´»þ�1

��'�:"

Ún3.10. ��(:��Ý� 0§K?¿���ÝØ�u S �:��C

� S + 1�yk(:£¹T:g�¤¥��k��´'�:"

íØ3.11. éuä¥�?¿�^²L�:ê�u 3S �{ü´»§�: uÚ

: v ©O´´»�ü�à:"K: u �´»þ�C�'�:�ål20Ø�

L 2S − 2§: u�: v©O�´»þ�C�'�:�ål�ÚØ�L 3S − 3"

3IP'�:��%�{¥§·��Iéz�:P¹§�fäS�§�d

�'�:|¤�´»²L�:ê����§ÒU�ä´Ä�IP§"

½n3.12. 3 Θ(N) ��mE,ÝS�±òä¥� Θ(S) �:IP�'�

:"3 Θ(S2f(N))�E,ÝS?1ý?n§@o?¿�^{ü´»¥Ø�®?

nL�Ü©	�:�ê8� O(N / S)"

~Ko21

�Ñ�� N �:�ä"z�(:�ôÚ´ 1 ∼M �m����ê"

½Âläþ?¿: u�: v�À1ÂÃ�
∑M

i=1

∑Ci

j=1 ViWj"Ù¥ i´z«

ôÚ§ Vi´ôÚ i���§Ci´ôÚ i3: u�: v�{ü´»þÑy�gê§


W1, W2, . . . , WN´�Ñ��ê"

19d^���±´?¿�^´»��^®²?nL�´»�é¡���§���ä��¹é

õ§¤±§S¢y¬E,éõ"
20�²L�>�ê8
21K85
µNOI Winter Camp 2013, 0Jú	
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\I��1 Qgö�"ö�kü«a.µ

− CHANGE xi yi ò: xi�ôÚ?U� yi"

− QUERY ui vi �Îl: ui�: vi�À1ÂÃ"

êâ5�: 1 ≤ N, M, Q ≤ 105, 1 ≤ Vi, Wi ≤ 106.

�K���� 10¦"

�{©Û

ò?¿��:���"- S = Θ(N
2
3 )§¦^IP'�:��{éä?1ý

?n§P¹?¿ü�'�:�m�´»¥ôÚ 1 ∼ M �ÑygêÚÀ1ÂÃ"

ý?n�E,Ý´ Θ(N
5
3 )"

éu�Î: ui �: vi �´»�ö�§k^�O�p���{é�ü�:

� LCA"�X§©Ol: ui Ú: vi Ñu÷X´»£Ä§é�´»þ��C

: ui Ú: vi �'�:",�ÒU|^®²P¹�&E§²LeZgOþö�

3 O(N
2
3 )�E,ÝS���Y"

éu?U: xiôÚ�ö�§qÞ?¿ü�'�:§�ä: xi´Ä3ùü�

:�m�´»þ§XJ´�{Ò��#P¹�&E"

Ún3.13. : xi 3: u �: v �´»þ��=�: u Ú: v � LCA ´

: xi�yk¿�: xi´: u½: v�yk"

XJý?nz�:3 DFS ¥?ÒÚÑÒ���§@o: x´: y �yk

��=�: y?Ò���3: x�?ÒÚÑÒ����m"·�3ý?n�P

¹?¿ü�'�:� LCA§Ò�± O(1)�ä: xi ´Ä3§��m�´»þ"

Ïd?Uö��E,Ý´ Θ(N
2
3 )"

½n3.14. �±3 O((N +Q)N
2
3 )�E,ÝS)ûd¯K"

4 ©¬�l��{

k
êâ?n¯K¿Ø�¦ézgÎ¯=����Y§
´�g�Ñ�þ
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�Î¯§�¦§S¦¯O�Ñù
Î¯�(J¿Ú��""l��{Ò´�ý

k��¤kÎ¯�SNÏ
�å)û¤kÎ¯��{"

3l�¯K¥§Ï�®²��¤kÎ¯§·��±rÎ¯U�½��ª|

�å5§l
¿©|^Î¯�m�­U&E"¢Sþ´ò¤kÎ¯��êâ8

Ü��Ü©?n§u´�±^�5?nêâ8Ü��{?nÎ¯"

�!ò^ü�~f`²©¬g�3�Ol��{��A^"

~KÊ22

�Ñ�� N �ê�S�"z�ê´ 1 ∼ N �m��ê"\I�£�M g

Î¯"zgÎ¯�Ñn��ê Li, Ri, Ki§¦«m [Li, Ri]¥Ñy
TÐ Ki g

�ê�ê8"

êâ5�: 1 ≤ N, M ≤ 105"

K8©Û

òS�©¬§z�¬����� Θ(
√
N)"¬�ê8�� Θ(

√
N)"

�gÖ\¤k�Î¯§¿rÎ¯U�Î«m��à: Li¤3�¬©a",

�©O?nz�aÎ¯"

�Ä�à:3¬ Ai �¤kÎ¯"·�rù
Î¯Umà:3S�¥� 

�l���üS",�U^S×£l¬ Ai ��à:�S�"��z���§

^ê|�oz���®×£L�¤k��¥Ñygê� 1 ∼ N �ê�ê8

Ú 1 ∼ N �m�z�ê�Ñygê"

éuz�Î¯ [Li, Ri]§�·�×£�Î¯�mà: Ri��±3 O(
√
N)�

E,ÝSò�c�o�&E=z�«m [Li, Ri]�&E"3P¹Î¯��Y±�

2ò&E¡E"z�Î¯Ñ¬�?n�g"

½n4.1. d�{��mE,Ý� O((N +M)
√
N)§�mE,Ý� Θ(N)"

3ù�~f¥§·�æ^l���{)û
~Kn¥I�P¹�&EþL

��¯K"�±w�§©¬�l��{�(ÜÚý?n��{k�½�q�?"

22K8Ó~Kn
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�U¦^©¬�ý?n��{)û�¯K���±3l��¹eü$�mE

,Ý"

e¡2w��ä/(��~f"

~K823

�� N �:�ä"z�:k��§��´�u 231 ��K�ê"\�£

�M gÎ¯§zg�Î: ui�: vi�{ü´»¥Ñy�ØÓ:��ê8"

êâ��µ 1 ≤ N ≤ 40 000, 1 ≤M ≤ 100 000.

K8©Û

Äkò¤k:���lÑz24§���±@���´Ø�L N ��ê"¦

^ 3.3!0��äþIP'�:��{§- S = Θ(
√
N)§K'�:�ê8�

� Θ(
√
N)"�âíØ 3.11§z�:��C�'�:�ål� O(

√
N)"

Ö\¤k�Î¯¿rz�Î¯U�éA�´»à: uiål�C�'�:©

a"©O?nz�aÎ¯"

�Ä?n±'�: ri�� uiål�C�'�:��aÎ¯"

±: ri���Ý`kH{��ä§Ó��o�c®\Ò
ÿ�ÑÒ�¤k

:¥z����Ñygê±9ØÓ���ê8"

Ún4.2. �¯?¿: xi �§®\Ò
ÿ�ÑÒ�¤k:TÐ´l: xi �

��´»þ�¤k:"

Ún4.3. ?¿: i�?¿: j�´»�Óu: i���´»\þ: j���

´»2~�: i�: j � LCA���´»"

éuz�Î¯ (ui, vi)§H{�: vi ��o�ÒS�:�&EÒ´: vi �

��´»þ�¤k:�&E"d�qÞl: ui�� ri�´»þ�z�: xi"X

J: xi´: ui�: vi� LCAKØ�UÄ§ÄKXJ: xi´ LCA�� ri�´

»þ�:K~�: xi���§ÄKV\: xi���"

23K85
µSphere Online Judge 10707, Count On A Tree II
24=ïá N �:����8Ü�Ø�L N �g,ê�8Ü�ü�"��¦^ O(N logN)

�üS�{=�"
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: ui�� ri�ål´ O(
√
N)�§Ïdk

Ún4.4. �±3 O(
√
N)��mE,ÝS���gÎ¯��Y"

½n4.5. d¯K�±3 O((N +M)
√
N)��mE,ÝÚ O(N)��mE,

ÝS)û"

5 o(

/��`§©¬g��¢�´òE,Ý� O(f(N))�È��{=z�E,

Ý� O(g(S) + h(N/S))��{"Ù¥ S ´¬�5�§N / S ´¬�ê8"�´

éuØÓ�¯K§kØÓ�Ny"

±~K��~§ù�K8�ë��{¥ü?Ny
©¬g�"�?´é

u Di <
√
N �?UÚ Di ≥

√
N �?U©O^ü«êâ(��o",�?´3

?Uö�éª���¹e^©¬�(��oS��ã��Ú"3ù�AÏ¯K

þ§d�{'�ãä�\p�§Ï�?U�ê8���Î�ê8� O(
√
N)�"

�¡�~K�´aq�"ØLk�·�ò��¯K©��eZ����Ó�f

¯K§k�Kò��¯K©l�eZ��É���f¯K"

�©�Ñ
�5S�Úä/(�þ©¬�Ä��ª§é�a��é2�¯

KÑ´k��"�´Ä¾ATXÛA^©¬g�´ÏK
É�§ÓÆ�Ø�Õ

Yuùp�Ñ�A«/ª§
�]uM#"�,§XJ�3'©¬��{�p

���{§��Æ¬ÀJ§ØU$Å¤5"F"ù
~fUéÖök¤éu"

6 ë�©z

1. Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, Clifford Stein.

“Introduction to Algorithms (2nd ed.)”, �7B�È§Å�ó�Ñ��"

2. Jon Kleinberg, Eva Tardos. “Algorithm Design”, �u�ÆÑ��"

3. Ç©m, �ï�.5­.�Æ)§S�O¿m(ACM/ICPC)p?�§6(1�

þ), ¥Ic�Ñ��"

4. x�, 5²ï5y))fÛ�a²ïg��A^6"
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5. Öf�, 5©£�{3ä�´»¯K¥�A^6"

6. #7, 5“�Z��f”·K�w6"

7. �r³, 5“JZPLCM”·K�w6"

8. M$, 5“ã¥ã”·K�w6"

9. Nh,, 5êâ(�û!6"

7 ��

a�¥IO�ÅÆ¬JøÆSÚ�6�²�"

a��ö���P�_�]P�õc±5���'%Ú�Ï"

a�I[8Ôè�ö��ÅÚ/©R��Ï"

AOa��®��ÓrÓÆ3�ö>�d©�L§¥���F%�Ï"�

ö3�¦��6¥¼Ã�f§É�Ø�éu"

a�Æ��V�ÓÆ��Ï"

a�Ù¦é�ökL�ÏÚéu�P�ÚÓÆ�"

��§a�·�I1§a�¦�é·Ã�Ø��'%Úì�"
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|¢¯K¥�meet in the middleE| H®	I�Æ� z²�

|¢¯K¥�meet in the middleE|

H®	I�Æ� z²�

Á �

meet in the middle´�«~^�|¢`zE|"Ü©|¢¯K�±¦

^meet in the middleE|�Ì`z�mE,Ý§l
3��S|¢Ñ(J"

�©©nÜ©"1�Ü©ò�Ñ��Ä��k�ã�.§±d�Ä:0

�meet in the middleE|�g�§¿$^TE|�Ñ�ék�ã�.�O��

{"1�Ü©ò{�Øy1�Ü©�Ñ�{��(5!�mE,Ý9Ù¦^^

�"1nÜ©òïÄA�¦^TE|�~K§±ù
~K�Ä:§V)�Ñ�

��§�.§2©ÛTE|�A�C«"

1 1�Ü©µk�ã�.

1.1 ¯K�¢�

�Ü©|¢¯K�¢�´µ¦k�ãG¥:A�:B��Ý�L�ØÓ´»

�ê8"ùp/�Ý�L�´»0½Â���k�>�S�(E1, E2, . . . , EL)§÷

vk�>E1�©:�:A§k�>EL�ª:�:B§¿�éui = 1, 2, . . . , L−1§

Ei�ª:�uEi+1�©:"ü^´»(E1, E2, . . . , EL)Ú(E ′1, E
′
2, . . . , E

′
L)ØÓ§

��=��31 ≤ i ≤ L¦�Ei 6= E ′i"

b�ãG¥:���ÑÝ�~êD§£ããG¥��:I���m�M§¿

�O���:�,���UI���m�T"

~Xµz�:�IÒ´���Ý�N�ê�P1, P2, . . . , PN§òP1, P2, . . . , PN−1

½öP2, P3, . . . , PN�=§�±��ù�:��U"ùp/�=P1, P2, . . . , PN−10

L«µ��P1ÚPN−1§��P2ÚPN−2§,,§��PbN
2
cÚPdN

2
e"@oµz�:

Tkü��U¶£ã��:I�^O(N)��m5�;ù�ê�¶O�,��
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�UI�O(N)��m�=ê�"Ïd3ù�~f¥D = 2§M = O(N)�T =

O(N)"

�â±þb�§·�©Û¦)±þ¯K�È�DFS�{"ù��{�

�DFS��ÝØ�LL§�|¢�Ý��L��ÿ§ò�c:�:B'�§X

J´Ó��:Òò�YO\1"N´y²§3|¢L§¥²L�:êØ�

L1 + D + D2 + · · · + DL = DL+1−1
D−1

= O(DL)§¿�|¢LÚ�����:êØ

�LDL = O(DL)§5¿ùpõg²LÓ��:I��õg"

du��:ÓâO(M)�m§¤±'���:´Ä´:BI�O(M)�m"

,��¡§3|¢¥O�z��UI�O(T )�m"Ïd§È�DFS�{��m

E,Ý�O(DL(M + T ))"�L����ÿ§È��{�$1�mò¬é�§õ

ê�¹eØU3�m��S¦Ñ�Y§·�I��Ä`z|¢��{"

3ùa¯K¥§ãG¥�:�~õ§$�ãG�U´Ã¡ã§Ïd|¢L§

¥�­Ef¯K��§Ä�5yØ´��k��)û�{"du���¹e·

�Ø�ØH{��|¢ä§¤±^5`z|¢�`)¯K�E|�Ø·^ud

a¦´»ê8�¯K"·�I�l�N�|¢�{þ?1C�"

1.2 meet in the middle�g�

meet in the middle�i¡¿Â´/3¥m��0"b�kü�<`Ú¯§©

OlA/ÚB/Ñu§�é��Ñu:r�"�¦�Ñr
L
2
���ÿTÐ/3

¥m��0§@o�±�½§·�é�
�^lA�B�Ý�L��´»"

e¡·��ÄXÛrù�g�A^�k�ã�."

1.3 �ék�ã�.��{6§

�
Bu£ã§·��E�Ü#ãG′"G′¥�:�G¥�Ó§�G¥�^

lX�Y�k�>3G′¥éA�^Y�X�k�>"d	§-L1 = bL
2
c§L2 =

dL
2
e"ÏL?ØL�Ûó5ØJy²L1 + L2 = L"

�{�1�Ü©§3ãG¥l:AÑu?1DFS§��|¢�ÝØ�LL1"

P¹e|¢L1Ú�����¤k:±9��z�:�gê§PrL1Ú��

:P�gê�Count(P )"XJ|¢L1Úvk��L:P§@o5½Count(P ) =

0"
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�{�1�Ü©§3ãG′¥l:BÑu?1DFS§��|¢�ÝØ�LL2"

b�|¢L2Ú����:Q§·�Ò\¡é�
Count(Q)^�Ý�L1 + L2 =

L�´»§�Y\\Count(Q)"5¿�µ|¢L2Ú��·��Uõg��Ó�

�:§@oz�g��Ñ�\\Count(Q)"

l±þ�{6§�±wÑ§meet in the middle´�«/V�|¢0�E

|"

2 1�Ü©µ�{�©Û

2.1 �{��(5

-L1 = bL
2
c§L2 = dL

2
e"éuãG¥�,�:P§�l:A�:P�Ý

�L1�ØÓ´»kf(P )^§l:P�:B�Ý�L2�ØÓ´»kg(P ) ^"

Ún1. :A�:B�Ý�L�ØÓ´»k
∑

P [f(P )g(P )]^"

Proof. �Ä�^�Ý�L�´»(E1, . . . , EL)§Ù¥E1�©:�A�EL�ª:

�B"�EL1�ª:�P§·�¡ù��^´»´/å»0:P�"

�â½Â§kf(P )«ØÓ�´»(E1, . . . , EL1)§kg(P )«ØÓ�´»

(EL1+1, . . . , EL)§¿�ùüa´»�?¿�«|Ü§ÑUÏL©����^÷

vµlAÑu/å»0:P��:B��ÝT�L�´»"

�â¦{�n§/å»0:P�´»�kf(P )g(P )^"dulA�B�Ý

�L�´»7,/å»0
,�:§¤±ØÓ�´»ê8Ò´
∑

P [f(P )g(P )]"

Ún2. ¦^1�Ü©¥�Ñ��{§�Ñ�(J´
∑

P [f(P )g(P )]"

Proof. �âügDFS§éu?¿:P§�{1�Ü©¥Count(P ) = f(P )¶�{

1�Ü©¥§|¢L2Ú��:P�gê�g(P )"

Ïd§éug(P ) = 0�:§�{¿vkO\�Y§��u��Y\þ


f(P )g(P ) = 0¶éug(P ) > 0�:§�{g(P )g��Y\þf(P )§=o�\

þ
f(P )g(P )"é¤k:P?1¦Ú§�{�Ñ�(JÒ´
∑

P [f(P )g(P )]"

½n1. 1�Ü©¥�Ñ��{�±�(/¦ÑãG¥l:AÑu��:B��Ý

�L�ØÓ´»�oê"
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Proof. (ÜÚn1ÚÚn2��§�{�Ñ��YÚ¢Sþ�´»ê8Ñ�

u
∑

P [f(P )g(P )]"

2.2 �{��mE,Ý

e¡·�5©Û�{��mE,Ý"c©¥·�®²b�ãG¥:���

ÑÝ�D§y3·�b�ãG′¥:�ÑÝþØ�LD",��¡§Úc©¥�£

ã�Ó§·�E,b�3ãGÚG′¥§£ã��:I���m�M§¿�O�

Ñ,�:��½�U��m�T"

�{��mE,ÝÌ��ûuüÜ©��Çµ��¡´DFSs¤��m§

,��¡´§SO�Ú�ÎCount(P )��m"±e©Û¥§duD�~ê§

¤±�êþ���ÎÒ�±�Ñ§�Ò´`·�5½O(D
L
2 ) = O(Db

L
2
c) =

O(Dd
L
2
e)"

�â±þb�§�{1�Ü©¥DFS��d�O(Db
L
2
cT )§1�Ü©¥DFS�

�d�O(Dd
L
2
eT )"Ïd���{DFSs¤��m�µ

O(Db
L
2
cT ) +O(Dd

L
2
eT ) = O(D

L
2 T )

31�Ü©¥§·�I�ÚO|¢bL
2
cÚ����z�:P�gêCount(P )¶

31�Ü©¥§·�I�é|¢dL
2
eÚ�����z�:Q�ÎCount(Q)"ù�

¦·�Ïé��êâ(�§U
¯�/�\êâÚ�Î,�êâÑy�gê"

�±uy§Ñ�L´��n��ÀJ"dÑ�L�5���§XJ·�¦^{

ü��Ñ�£simple uniform hashing¤§¿¦^ó�{)û-E§@o²þ�¹

e�g�\Ú�g�Îö�=I�O(M)�m"ù´Ï�3�¯K¥§'�ü�

:´Ä�ÓI�O(M)�m"31�Ü©¥§·�I�éÑ�L?1O(Db
L
2
c)g

�\ö�¶1�Ü©¥§·�I�éÑ�L?1O(Dd
L
2
e)g�Îö�"ÏdO�

Ú�ÎCount(P )��m�µ[
O(Db

L
2
c) +O(Dd

L
2
e)
]
×O(M) = O(D

L
2M)

(Ü±þü:§�{��mE,Ý�

O(D
L
2 (M + T ))
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2.3 �{�¦^^�

��¯K�¦^1�Ü©¥�Ñ��{§Äk7LÎÜk�ã�."Ùg§

·�3©ÛT�{�mE,Ý�L§¥§¢Sþq\\
eZ��^�"

3�c�©Û¥§·�b�ãG′¥:�ÑÝØ�LãG¥���ÑÝ",

��¡§ãG′¥:�ÑÝ¢Sþ�uT:3ãG¥�\Ý"Ïd§��I��

yãG¥:�\ÝÚÑÝ´�Óêþ?�"

,��¡§·�b�U
3O(T )�mS�¯G′¥,�:��½�U"ù�

^��du�¦3O(T )�mS�¯G¥,�:��½c°"

3�m�Ñ�¡§�
�yÑ�LÏ"O(M)�ö��mE,Ý§·�I�

Ñ¤O(D
L
2M)��m"

3 1nÜ©µA^

3.1 ~K1µ�§�)ê25

3.1.1 K8�¿

�Ñ�êM§k1, k2, . . . , kNÚp1, p2, . . . , pN§¦�§
∑N

i=1 kixi
pi = 0÷v1 ≤

xi ≤M ��ê)�ê8"

3.1.2 êâ5�

N ≤ 6,M ≤ 150

3.1.3 ©Û

·��±ò�K=z�k�ã�.§l
|^1�Ü©�Ñ��{¦)"

·�^��|(Depth, Sum)L«ãG¥�:§Ïd£ã��:�I�O(1)�

�m"DepthL«�c��ê§SumL«cDepth��Ú"Ñu:�(0, 0)§ª:

�(N, 0)"

25K85
µNOI20011�Á
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éu÷vDepth < N�:(Depth, Sum)
ó§-k′ = kDepth+1, p
′ = pDepth+1§

K§TÐkM��U§©O�(Depth + 1, Sum + k′× 1p
′
), (Depth + 1, Sum + k′×

2p
′
), . . . , (Depth + 1, Sum + k′ ×Mp′)"

du~{´\{�_$�§Ïdz�÷vDepth > 0�:(Depth, Sum)�T

ÐkM�c°"XJ-k′′ = kDepth , p
′′ = pDepth§@oùM�c°©O�(Depth−

1, Sum−k′′×1p
′′
), (Depth−1, Sum−k′′×2p

′′
), . . . , (Depth−1, Sum−k′′×Mp′′)"

�
O���:��U½c°§·�I�O�,�ê�pig�§¦^¯�

�O�K�mE,Ý�O(logMaxP)§Ù¥MaxP´p1, p2, . . . , pN¥����"

²L±þ©Û§·��±��¦^1�Ü©�Ñ��{§�mE,Ý

�O(M
N
2 logMaxP)"

·�£LÞ5ïÄù�~K¥¦^þã�{�¢S¿Â"e¡·�ï

ÄN = 6��¹µ

k1x
p1
1 + k2x

p2
2 + k3x

p3
3 + k4x

p4
4 + k5x

p5
5 + k6x

p6
6 = 0

È���{´qÞ�§�>�6���ê§�ä�>�(J´Ä�um>�

~ê§ù��mE,Ý�O(M6 logMaxP)§�~Øn�"

c[��§þã�§wå5ü>�~Ø²ï§6���êþ3�>§��·

�Ø�ØqÞ6���ê"òþã�§£�§�±��µ

k1x
p1
1 + k2x

p2
2 + k3x

p3
3 = −k4x

p4
4 − k5x

p5
5 − k6x

p6
6

ù��§ü>Ò/²ï0
"·�b�kqÞ�ý�n�ê§rqÞÑ�

¤k(J�3�ÜLp§2qÞmý�n�ê§z�O���ÚL¥,�ê�

Ó�(J�§Ò��
�§��|)"3'�O�(J�§·�¿ØI�'�

z�éê´Ä�Ó§·��±|^êâ(�£~XÑ�L¤\¯ÚO��Ç§

l
���mE,Ý�O(M
N
2 logMaxP)��{"¢Sþ§meet in the middleE

|�'�Ò3uÏL`zÜ¿L§~�$�þ"
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3.2 ~K2µABCDEF26

3.2.1 K8�¿

�Ñ���ê�8ÜS§¦kõ�|(a, b, c, d, e, f)÷va, b, c, d, e, f ∈ S, d 6=
0�ab+c

d
− e = f"

3.2.2 êâ5�

|S| ≤ 100

3.2.3 ©Û

K8¥��§�±ÏL£�C�ab + c = d(e + f)§u´=z��~K1�

��Ó�K8§�±�Ñ�mE,Ý�O(|S|3)��{"

3.3 ~K3µEllysBulls27

3.3.1 K8�¿

k��N �?�êA§�U�3c�""y3�ÑM�^�§1i�^�

�¹��N êXiÚSame(A,Xi)��"Same(A,B)L«N �?�êAÚBê

i�Ó�ê ê8§~XSame(”0312”, ”0321”) = 2"XJk���A÷v�¦

KÑÑù�)§ÄKÑÑL«Ã)½õ)�&E"

3.3.2 êâ5�

N ≤ 9,M ≤ 50

3.3.3 ©Û

�
BuQã§½Â1�þ

Sum =
(

Same(A,X1) Same(A,X2) · · · Same(A,XM)
)

26K85
µSPOJ
27K85
µTopCoder Single Round Match 572 - Division I, Level Two
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PXi�1j �Xi,j§A�1j �aj"½Â¼êS(a, b)§Ù¥0 ≤ a, b ≤ 9§

�a = b�S(a, b) = 1§a 6= b �S(a, b) = 0"

d	2½Â1�þCost(i, j) =
(
S(X1,i, j) S(X2,i, j) · · · S(XM,i, j)

)
"

ùL«§XJA�1i ´j§@où� U�M�^�¥�=
ê��"

�âK8�^�§·��±�Ñ±e�§µ

Cost(1, a1) + Cost(2, a2) + · · ·+ Cost(N, aN) = Sum

·�E,ÚcüK��?1£�§-Mid = bN
2
c§��±e�§µ

Cost(1, a1)+· · ·+Cost(Mid , aMid) = Sum−Cost(Mid+1, aMid+1)−· · ·−Cost(N, aN)

Ï�aik10«�U��¹§¤±|¢�§��>kO(10Mid)«ØÓ(J§m

>kO(10N−Mid)«ØÓ(J"du�§ü>Ñ´1 ×M�1�þ§¤±z�Ú
O�Ú3Ñ�L¥ö�ÑI�O(M)��m"Ïd§·���
���mE,Ý

�O(10
N
2 M)��{§�±ÏL�K�ÿÁêâ"

3.4 �(µ�§�.

o(±þn�~K§�±uyK8Ñ�±=z��«�§�.µ¦�

§
∑N

i=1 f(xi) = S�)ê"

3~K1Ú2¥§f(xi)ÚS��ê§~K3¥f(xi)ÚS��þ"3ùnK¥§

·���{Ñ´Äuò�§C/�µ

bN
2
c∑

i=1

f(xi) = S −
N∑

i=bN
2
c+1

f(xi)

·�k|¢�§��>§ò���(JP¹3Ñ�L¥¶2|¢�§�m

>§¿3Ñ�L¥�Î�c�;�(J"�±wÑ§±þ{��)KL§�1

�Ü©�Ñ��{�~�q"¿�l~K1�©ÛL§�±wÑ§�§�.�±

=z�1�Ü©¥�Ñ�k�ã�.§Ïd�§�.´k�ã�.��«AÏ

�¹"éu�§�.�K8§·�'�N´é��meet in the middleE|"

$^±þü��.§·��±¯�/räN¯K�.z§¿¦^meet in

the middleE|¦)",
§k
K8ØU=z��§�.½k�ã�.§l


ØU��¦^1�Ü©¥��{"�´§ù
K�þãü��.äk�q�?§
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·�E,�±é1�Ü©��{?1?U§l
¦^meet in the middleE|`

zù
¯K"e¡·�5©ÛA�ù��~K"

3.5 ~K4µBalanced Cow Subsets28

3.5.1 K8�¿

�Ñ��êa1, a2, . . . , aN§klN�ê¥ÀÑeZ�ê£����¤§2r

ù
ê©�üÜ©§¦�üÜ©�ê�Ú��§¦1�ÚÀê��Yê"

5¿µ�Uk�«Àê�Y¦��3õ«y©�ª§�´�U��«Àê

�Y"

3.5.2 êâ5�

N ≤ 20

3.5.3 ©Û

·�òK8��«�d�£ã�ªµéuê�x1, x2, . . . , xN§Ù¥xi ∈
{−1, 0, 1}"3÷v

∑N
i=1 xiai = 0�cJe§¦�3õ��ØÓ���8ÜS =

{i|1 ≤ i ≤ N, xi 6= 0}"
ù�Kaqu�c�Ñ��§�.§�·��¦�¿Ø´�§�)ê§


´�§�)éA�8Ü�ê8§Ïd�{I���
UÄ"

½Â��#�ê�y1, y2, . . . , yN§5½�xi = 0�yi = 0§�xi 6= 0�yi =

2i−1"u´8ÜS�±^
∑N

i=1 yiL«"

�M´��[0, N ]��S��ê§ò
∑N

i=1 xiai = 0C/�x1a1 + x2a2 + · · ·+
xMaM = −xM+1aM+1 − xM+2aM+2 − · · · − xNaN"P�§�>�LeftSum§m>

�RightSum"

@o
∑N

i=1 yi��±©�üÜ©µLeftSet = y1 + y2 + · · · + yMÚRightSet =

yM+1 + yM+2 + · · ·+ yN"

3�{�1�Ü©¥§·��,��c�K8��k|¢�§�>�M�

��ê§�k3M«�¹"·�Ø=�P¹�§�>�LeftSum§��P¹éA

28K85
µUSACO 2012 US Open, Gold Division
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�LeftSet"

3�{�1�Ü©¥§XJuyRightSumÚ,�LeftSum��§@o�A

�LeftSet + RightSetÒ´��ÎÜ�¦�8Ü"·��±^��0�2N − 1�Ù

�ê|5P¹ù
8Ü"

��§×£�H��Ù�ê|§ÒUÚO���Y"

ØJuy§1�Ü©��mE,Ý�O(3M)"1�Ü©¥qÞ
O(3N−M)«

�¹§�´éuz«�¹I��¯éA�¤kLeftSet"3���¹e§·�I

��¯O(2M)�LeftSet§Ïd1�Ü©��mE,Ý�O(3N−M2M)"��×£

��mE,Ý�O(2N)"

nþ§�{��mE,Ý�O(3M + 3N−M2M + 2N) = O(3M + 3N−M2M)"

XJ·��M = bN
2
c§@oÒ�±��O(6

N
2 ) ≈ O(2.45N)��mE,Ý§v±

ÏL�K�ÿÁêâ"�´¢Sþ§XJ·��M = N log 9
2

3§�±����

�Ð��mE,ÝO((3
log 9

2
3
)N) ≈ O(2.23N)"

~K4L²§·�3¦^meet in the middleE|�§�±3Ñ�L¥�;�


Ù§�&E§±Bu¯K�¦)",��¡§¦^E|�XJò|¢���

êØþ!/©�üÜ©§�U���`��mE,Ý"

3.6 ~K5µAlphabetPaths29

3.6.1 K8�¿

k��R × C�Ý
§Ý
�z��fp�o´��§�o�¹��0 ∼
20��ê"¦kõ�^�¹21��f�´»÷vµ´»þ��ü��f7Lk

�^ú�>§¿�0 ∼ 20z�êÑ3´»þÑy�g"

3.6.2 êâ5�

R,C ≤ 21

29K85
µTopCoder Single Round Match 523 - Division I, Level Three
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3.6.3 ©Û

ù�Kwþ�¿Ø´�cJ���§�.§
´aqu1�Ü©¥�k�

ã�."�´3ù�K¥§´»�å:Úª:´Ø(½�§�kO(RC)«ÀJ"

XJ·�qÞ
å:Úª:§Ò®²�
O(R2C2)gqÞ§2¦þ|¢I��

�m§��Ã{ÏL"

·�ff��{´qÞå:Úª:§2l´»�üà�¥m|¢"·�u

y§¢Sþ/¥m:0�ÀJ�´O(RC)«§·���oØqÞ¥m:§l¥

m�üà|¢Qº

u´·�qÞ´»�¥m:Mid§�Ò´111��f"lMidÑu|

¢10Ú§�±���^�¹11��f�´»P§�Num(P )�Ø�)Mid�10�

�fpê��8Ü"�Mid¥�ê��X"@obX�3ü^´»P1ÚP2÷

vNum(P1) ∪ Num(P2) ∪ {X} = {0, 1, . . . , 20}§@oòP1ÚP2©�å5�½

´�^÷v�¦�´»"5¿�ùpÏ�0 ∼ 20�Ñy
�g§¤±·�

�±�½P1ÚP2�3Mid?��"·�Úþ�K��¦^���?�êL«8

ÜNum(P )§Ò�±¯�/�äNum(P1)∪Num(P2)∪{X}´Ä�u{0, 1, . . . , 20}
"

·��O�eþã�{�$�þ"ÄkqÞ�Midê8�O(RC)§Ùgd

u|¢10Ú§zÚ�±�o���r§¤±´»ê�410"¢Sþù��O�±

�\°(�
§l1�Ú|¢m©§/ £r0w,´ØÜ{�§Ïd1�Úm

©�U����kn�§l
¢S�´»êØ¬�L4 × 39"éuz�^´»§

?1Ñ�L�ö�Ú'�Ñ�I�~ê�m"nþ§·���
���mE,

Ý�O(RC × 4× 39)��{"¦+RC × 4× 39�U��212× 4× 39 = 34720812§

�´�Ä�´»ØU�ÑÝ
�>.½ö��vkêi��f§¿�XJ´»

¥,�êiÑy
üg�±��}{§¢S�|¢þ¬��u±þ�O"3¢

SÿÁ¥§Uìþã�{¢y�§SÏL
¤kÿÁêâ"

~K5L²§3¦^meet in the middleE|�§XJå:Úª:��§¿�

¥m:�ê8��§·�Ø�}Áò/3¥m��0C�/l¥mÑu0"
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3.7 ~K6µFencingGarden30

3.7.1 K8�¿

kN�7F§�Ý©O�L1, L2, . . . , LN"\�±ÀJkò,��7F©¤

üã§�ÝØ�½��ê"l���7F¥ÀÑ�Ü©§�X�×Ã���p

���Ý/«�"¦�Ý/«��¡È������§Ý/�p²1�>��

Ý"

3.7.2 êâ5�

N ≤ 40, Li ≤ 108

3.7.3 ©Û

ù�K��c�¤kK8ÑØÓ§¿Ø´¦�Yê§
´¦���`)"

ù�K���J:3u��7F��Y�~õ§qÞù��Yw,Øy

¢"

du·�r7F©¤
üã§�´�¤�Ý/kn^>§¤±7,k�^

>��´d���7F©¤�"ù��^>kü«�Uµ�p²1½ö�pR

�"Pù^>��Ý�Len"

·��Äù^>�p²1��¹§PS =
∑N

i=1 Li"@oÝ/�e�ü^

>�Ý7L��"·�rE�¦^�7Fü�å5§§��o��S − Len"

3S−Len
2
?�e�
§XJùpTÐ´ü�7F�ë�?§@o·�¿vkUC

7F�êþ§XJùp´,�7F¥m�,�:§@o·�Òrù�7F�¤

üã"ÃØXÛ§·�oUr�e�7F©¤�Ýþ�S−Len
2
�üÜ©§l
�

���¡È�Len S−Len
2
�Ý/"

Ón��§XJ�^�Ý�Len��pR��>��d���7F©¤§@

o·��±����¡È�Len(S − 2Len)�Ý/"

d�g¼ê�5���§1�«�¹eLen = S
2
�`§1�«�¹eLen =

S
4
�`"?
·�I�¦Ñ§d���7F©Ñ��Ý¥§��CS

2
ÚS

4
��Ý

©O´õ�"

30K85
µTopCoder Single Round Match 461 - Division I, Level Three
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��c�K8�Ó§·�E,rN�7F©�üÜ©§©OkM�ÚN −
M�7F"·�k|¢M�7F§ò����ÝP¹e5"��·�|¢,

	N −M�§b���
���Ý�T�Ü©§@oI�3�c|¢��Ý¥
é���x§¦�x+T¦þ�CS

2
½S

4
§�Ò´�¦x¦þ�CS

2
−T½S

4
−T"�

��Ð�)û�ª´µkò1�Ü©¥���O(2M)��ÝüS§1�Ü©�

Î�¦^üg�©�é"

òO(2M)�êüS��mE,Ý�O(2MM)§3Ù¥?1O(2N−M)g�©

�é��mE,Ý�O(2N−MM)"XJ·��M = bN
2
c§@o�{��mE,

Ý�O(2
N
2 N)"

~K6L²§$^meet in the middleE|Ø=�±)ûOêa¯K§��±

(Ü�©�é��{§?n�
AÏ��`5¯K"

4 o(

l�c�0��±wÑ§meet in the middle´�«�©k��|¢`zE

|"§�Ø%g�´ò¯K©¤üÜ©©O|¢§ÏL¯�/Ü¿üÜ©|¢

(J��`z�{�8�"�,·�¿ØUÏd����õ�ª�mE,Ý�

�{§�´  �±¦�mE,Ý��ê~���§3�
¯K¥ùÒU¦�

·�3��S¦Ñ(J"

TE|�`:3u�{N´¢y§�{¦^�|¢L§ÚÈ��{Ä��

Ó§=I�¦^�
��{ü�êâ(�))~XÑ�L"TE|�Øv3u

¦^��¿Ø´é2§¿�`z���mE,ÝE,´�ê?O§U
k�)

û�êâ�5�¿ØU�ÌO\"Ó�§�{7L�Ñ�þ��m"

k�ã�.Ú�§�.V)
meet in the middleE|U
)û�¯K�Ê

HA�§¦^ùü��.�±)û�a¯K",��¡§E,kK8ØU��

=z�þã�.§I�·�émeet in the middleE|?1?U"ddwÑ§Ó

��E|3ØÓK8¥�¦^�{�´õ«õ��"·�I��â�¹(¹/

¦^meet in the middle E|§l
��`z�{�8�"

5 a�

a��<Ú*lé·��y�|±�
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a�oÜ!Ç��!¤lY�P�é·����

a�_�+!Nh,�¯õÆS&E¿m�ÓÆé·��ÏÚéu�

ë�©z

[1] Thomas H.Cormen, Charles E.Leiserson, Ronald L.Rivest, Clifford Stein, In-

troduction to Algorithms.

[2] vexorian, TopCoder Algorithm Problem Set Analysis.

[3] Bruce Merry, USACO 2012 US Open Gold Division, Balanced Cow Subsets

Solution.

[4] Zhipeng Jia, TopCoder SRM 450∼499 Solution.
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², éõÀÃÒåÃÃü
.

�©�é�ög�ÆSÐ�VÇØL§¥�N¬, ±9ÚÙ¦ÀÃ�6�u

y�VÇØJ:?1­:©Û, SN�)VÇØ�Ä�Vg!�ÅCþ�Ï"!

VÇ=£�äþ��'¯K!MarkovØ�ª±9ChebyshevØ�ª�, lnØÚ

¢�ü�;�éX��¡�ÏÖön�VÇØ�óä, �zé�9VÇØ�){

�n).

1 VÇ

1.1 �o´VÇ

XJÖöc[�Lù�¯K, �U¬uyù�¯KØ�Ð£�. �*�`,

VÇ��¯�u)��U5Ò�, ÏdVÇÒ´é¯�u)��U5�Ýþ.

VÇØ�únzNX¬�9éõÿÝØ�SN, k,��ÖöØ�����

'Ö7. du�©�´l&EÆ¿m��Ý�?ØVÇØ,   ¿Ø�9�
'

�ÛÉ�8Ü('X�ê�8Ü�¿�a), �Ø�9,
ëY��Å¯K, ¤±

3&EÆ¿m¥^��VÇnØ�±��{z. ØL, 3d�´ïÆ�[3sa

��ïÄ�eVÇØ�únzNX, �&¬é\éVÇØ�n)ké��Ï.

1.2 VÇ�m

¿m¥^��Ð�VÇØkn�­�¤©, =���mΩ, ¯�8ÜFÚV

ÇÿÝP . ·�~`�¯�, Ù¢´Ω�,�f8(�Öö��OPù�:). 3¿
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m¥,   �±@�Ω�z�f8Ñ´��¯�(�3�Ñ¿m�,
+�, ù�

�´k¯K�), ¤k¯��8ÜP�F (5¿ùp´8Ü�8Ü). VÇÿÝP , ´

¯�8Ü�¢ê���¼ê. �,, ¿Ø´¤k�VÇÿÝÑ´Ün�. ��Ü

n�VÇÿÝ, I�÷v±e3^VÇún:

(1) éu?¿�¯�A, kP (A) ≥ 0(�K5).

(2) P (Ω) = 1(5�5).

(3) éu¯�AÚB, XJA ∩B = Φ, kP (A ∪B) = P (A) + P (B)(�\5).

·�¡ÎÜ�¦�n�|(Ω, F, P )�VÇ�m. Þ~5`, �Å���þ!

��f, �ÄÙ�þ�¡, ·�k���mΩ = {1, 2, 3, 4, 5, 6}, “ Ûê�þ”�¯

�´{1, 3, 5}, ¯�8ÜF�Ω��8(¤kf8�8Ü), VÇÿÝP (A) = |A|
6

, ²

L�y, ù´��Ün�VÇ�m.

�&ù�Vg�[Ñ'�ÙG, ¿��ú�´n¤�,�. 3d�Ñ�´�

Ä�Ü©Öö�Uw��¡�SN�¬éVÇ�Ä:a�(J.

1.3 ^�VÇ

^�VÇ3OI¥Ù¢´�~~^�Vg, �´�Ø�%Ò¬���Ø. �)

ºù�Vg¿ØJ, ·�5w��~f: α�Æ�Æ)¥k99%´I), β�ÆK

k99%´å). b�ü�Æ��<ê��õ, ·�3ü¤Æ�¥�Å�ÀÑ��

Æ), ¦(¨)�5O´I5�VÇkõ�?

ù�¯Kw,´�;V.�¯K, ØJ�ÑI)3¤kÆ)¥Ó50%, ¤±

ÀÑI)�VÇ�,´50%.

XJ·��ÀÑ�Æ)?1�!±���¦(¨)´α�Æ�, @où�VÇ

w,C¤99%
. dd��, �·���
�õ�&E±�, ¯��VÇ´¬U

C�.

P®�¯�Bu)��¹e, ¯�Au)�(^�)VÇ´P (A|B). �ÀÑ�

<´α�Æ�Æ)ù�¯��U1, β�Æ�U2, ÀÑ�Æ)´I)�¯��S1, å

)�S2. 3þ¡�ù�~f¥, ·��±��P (S1|U1) = 99%.

5¿, éõÐÆö3n)ù�¯K��ÿ, o´k��“k�5”�X£, @

�¯�B�½ku¯�Au). ù3,
�¹e´Øþ�, ¯��´���m�
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,�f8, ¿vk�mù�á5, �~¥ÀJÆ)´�g5�¤�. �,3,


�¹eü�¯��m(¢k�Uk²w��mk�'X, XES±��ÁÏL�

VÇÚØES�ÁÏL�VÇ²w´Ø���.

O�^�VÇ�úªXe:

P (A|B) =
P (AB)

P (B)

3ïÄVÇ¯K�,·�~~rA∩B�¤AB,½ö“A,B”. ¤±, P (A∩B),

P (AB), P (A,B)¹Â´���.

Ù¢3�Ä^�VÇ��ÿ, ·�´r¯�Bw�
#����m, du¯

�Ú���mÑ´8Ü(O#
Ó����m���´��¯�), ù��´vk

¯K�. #�VÇÿÝ  �¡�^�VÇ, ^�VÇúª¢�þ�«
ü��

��mþ�VÇÿÝ�'X.

1.4 �VÇúª

�VÇúª3VÇ¯K¥kXÞv�­��^, �´éõÀÃvk�\n)

§�¹Â. XJB1, B2, B3, ..., Bn´VÇ�m���y©, @ok:

P (A) =
∑
k

P (A|Bk)P (Bk)

ù�úª´^©a?Ø�{ïÄVÇ¯K��Ä:, A�¤k�VÇ¯K

Ñ�9ù�úª. fâ·�3�ÑI)3¤kÆ)¥Ó50% ù�(Ø��ÿ,

¢Sþ®²^�
�VÇúª
: P (S1) = P (S1|U1)P (U1) + P (S1|U2)P (U2) =

99%× 50% + 1%× 50% = 50%

1.5 Bayesúª

�Ä�ªP (A|B)P (B) = P (AB) = P (B|A)P (A), �Ñ¥m��, òü>Ó

�Ø±P (B), ��“Bayesúª”:

P (A|B) =
P (B|A)P (A)

P (B)

Túª3O�_�VÇ�¯Kþ�~k^.
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duÏ~®��  ´�X��^�VÇP (B|Ak), Ù¥A1, A2, ..., An´�

��m���y©, ù«�¹e�¬òþªÚ�VÇúªéÜå5, ��:

P (Ak|B) =
P (B|Ak)P (Ak)∑
j P (B|Aj)P (Aj)

25wwþ¡ù��@�~f, y3¯KC¤:®�À��ÓÆ´I), \U

Ä¦Ñ¦´α�ÆÆ)�VÇ?

y3�¦�¢Sþ´P (U1|S1)|^Bayesúª, �±¦�:

P (U1|S1) =
P (S1|U1)P (U1)

P (S1|U1)P (U1) + P (S1|U2)P (U2)
=

99%× 50%

99%× 50% + 1%× 50%
= 99%

2 �ÅCþ�Ï"

Ï"´VÇK¥q�~Ñy�Vg, §´�ÅCþ���­�á5, 
ù�

:~~�ÀÃ¤�Ñ, ��Ï"¤
"y�ÅCþù�Ä:��¥¢�. �n)

Ï"�.´�o, 7Lk
)�ÅCþ.

2.1 �ÅCþ�½Â

�ÅCþ(random variable)´��k��c, Ï�§Ù¢¿Ø´�Å5�5


(�Å55g���m), �Ø´Cþ, 
´½Â3���mΩ þ�(½�¢�

¼ê. ØLéõ�¹e, ·�  ¬�ï���m
����Ä�ÅCþ�á

5('X`Ï"), ±�uéõÀÃ���Ï"�Vg, 
tØ��ÅCþ�.´

�o. 3ùp, k7���ÅCþe���ß�½Â:

¼êX : Ω→ R�¡����ÅCþ.

3�õê�¹e, k
�ÅCþ±�Ò�±�ïé�����m�'5, 


´8¥5¿uéuz�¢�(5¿, �©��ÄlÑ��¹), �ÅCþU
��

T��VÇ. ù�L§¢Sþ´ò���m­#y©���L§, ò3ù�¼ê

e��Ó�¢ê�����m¥���Ü¿
. �,, Öö�c3n)�ÅCþ

��ÿ, é�UÒ´��lÙ�z���VÇ\Ã�.

2.2 �ÅCþ�Ï"

Ï"(expectation)´é�ÅCþLyÑ�²þ�¹���«�x, �´3¿

m¥�ª�Ñy�Vg. éõÀÃ´3øl�ÅCþ��¹eÆSù�Vg�,
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ù��´Ø���. éu���ÅCþ, ½ÂÙÏ"Xe:

E[X] =
∑
ω

P (ω)X(ω) =
∑
x

xP (X = x)

ùp, X = xL«�´��¯�, �du8Ü{ω|ω ∈ Ω, X(ω) = x}. c��ªf
´lÑ\(���m)��Ý\Ã�½Â, ���ªfK´lØÓ�ÑÑ\Ã, ò

���m?1
y©(òÑÑ�Ó�Ñ\w¤���N), =òØÓ�ÑÑ�UV

Ç\��¦Ú.

duéu���m�,
��, �ÅCþ�ÑÑ�é�U´�Ó�, k�·

�Ò�±Øl���m��Ý��Ä�ÅCþ, 
´���Ä“�ÅCþ�,�

A½��”ù�¯�. ØLE,I�5¿�´, ���mÚVÇÿÝ´�ÅCþ

�Ä�, XJuy¯KlÏ"ù�p�Ã{)û, ·�ÒI�l.�\Ã
. �

¡�A��9Ï"�5��y²Ò´lVÇ�m\Ã�, vkVÇ�m·��v

k�{y²ü��ÅCþ�Õá5.

2.3 �ÅCþ�Õá5�¦È�Ï"

�ÅCþ�Õá5´ü��Å¯�3ÙÑÑ�¡þ�á5. éuü��

Å¯�X1, X2Ú¢êx1 ∈ X1(Ω), x2 ∈ X2(Ω) XJkP (X1 = x1, X2 = x2) =

P (X1 = x1)P (X2 = x2) Ò¡X1, X2 �pÕá.

ü�Õá��ÅCþ�­�5�´:ÙÈ�Ï"�uÏ"�È, y²Xe:
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E[X1X2] =
∑

x∈(X1X2)(Ω)

xP (X1X2 = x)

=
∑

x∈(X1X2)(Ω)

xP (X1 = x1)P (X2 = x2)

=
∑

x∈(X1X2)(Ω)

∑
x1∈X1(Ω)

xP (X1 = x1)P (X2 =
x

x1

)

=
∑

x∈(X1X2)(Ω)

∑
x1∈X1(Ω)

x1
x

x1

P (X1 = x1)P (X2 =
x

x1

)

=
∑

x1∈X1(Ω)

x1P (X1 = x1)
∑

x∈(X1X2)(Ω)

x

x1

P (X2 =
x

x1

)

=
∑

x1∈X1(Ω)

x1P (X1 = x1)
∑

x2∈X2(Ω)

x2P (X2 = x2)

= E[X1]E[X2]

2.4 Ï"��55�

�55(�\5)´Ï"�5�¥­����. Ø+ü��ÅCþX1ÚX2´

ÄÕá, ok:

E[αX1 + βX2] = αE[X1] + βE[X2]

ù�5�3¿m¥�A^~~Ly�ò��“�”��ÅCþ©¤“ �”��

ÅCþ�Ú, @o“�”��ÅCþ�Ï"Ò´z�“�”��ÅCþ�Ï"�Ú.

2.5 A^:Maze(Adapted from Codeforces 123E)

2.5.1 ¯K£ã

�½��ä, l�!:SÑu, ��f!:T:Ê�, ¦DFS�{�Ï"Úê.

zgDFSòl�c:Ñu���L�:“RandomShuffle” ±�Uù��Å^S

 eÁ&. 5¿, DFS��£(�Ò)�L§���Ú.

2.5.2 )�

���9Ï"�1�K, ·�k7�r�
[!t�Ù. k²²(���

mΩ´lSÑu, Tª��¤k´»�8Ü. �ÅCþX�^uΩþ, L«z^´»
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��Ý. VÇÿÝP�Ω�,�f8�R �¼êP (A) =
∑

ω∈A P (ω). ùpP (ω)´

rÑ´»ω�VÇ, �±O�Ñ5, ��±;mO�ù�VÇ.

·��¦�´E[X]. ØJuyqÞz^´»3êâ5����½§Ý�

�ÿ´Ø�1�, 7L,8¿». �E�
“ �”�ÅCþXe, Ù¥e´ä�,^

>, Xe(ω)L«´»ω ¥, ²L>e�gê(5£Ñ�). �Ä�éu∀ω ∈ Ω, X[ω] =∑
eXe(ω), {P�X =

∑
eXe |^“ Ï"��55�”, kE[X] =

∑
eE[Xe]. ù

�, ¯KÒ=z¤
¦E[Xe]

·�¡S�T�´»�Ì´», ò>©¤2a, �a´37²´»þ�, �a´

Ø37²´»þ�. k�Ä7²´»þ�>. ùa>rL�gê�½´1. ��¡

du>37²´»þ, XJØrù^>ÒÃ{��T ; ,��¡��rLù^>,

Ò�½¬3��rù^>�c��ª:, ¤±ù^>7L��Ur�g. 3�

ÄØ37²´»þ�>e, ùa>kü«�¹, �«´vkr�, ,�«´5£r


2g. �
¦ÑÏ"r�gê, ·�7L¦Ñr0gÚr2g�VÇ. �Ä7²´

»þÚù^>�C�:u, b�ù^>?u±:u��fv���fä¥, 
ª:

?u±:u��fw���fä¥. uØ�uw, ÄKuØ´7²´»¥le�C�

:. ù�·�uy, e�.r
0g�´2g���ûuu Ñu±�´kr
v �´

kr
w. XJkr
v, @o±v���fä¥z^>Ñr
2g; XJkr
w,

´»��Ø�U?\fäv. 
3���Å�ü�¥, ����ü3,����

c¡�VÇ´1
2
, ¤±ù^>r
0gÚ2 g�VÇÑ´1

2
(5¿d�·�Ù¢´3

�ÅCþ�ÑÑ�¡þ�Ä¯K). u´, erL�Ï"gêÒ´1.

nþ, z^>rL�Ï"gêÑ´1. u´��é Û�(Ø´, Ø+ä�/

G´XÛ�, ·�rL�Ï">êÑ´n− 1.

2.6 �Ï"úª

Äk5�Ä��aqu^�VÇ�¯K:XJ�½
�õ�&E, X¯�A�

½u), ���mΩþ��ÅCþX¬ÑyÛ«Cz?

XJòù�É�å��ÅCþP�X|A, @oéu∀x ∈ X(Ω), ·�k:

P ((X|A) = x) =
P (X = x,A)

P (A)

ùÒ´Ωþ��ÅCþX3#����mAþ, /¤�#��ÅCþX|A��Ü
&E.
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éu�ÅCþX, Y , ��4<k:¹ØXÞM�úª´

E[E[X|Y ]] = E[X]

�âþ¡�©Û, X|Y = y´3���mY = yþ¡����ÅCþ, u

´E[X|Y = y]´��(½�ê�. XJØ²(�½Y���, KE[X|Y ]´��

#��ÅCþ, ÙÏ"L«3Y ��«A½ÑÑy�cJe, E[X|Y = y]U

ìP (Y = y)\��Ú.

ù�úª�¿Âaqu�VÇúª, ¦�·��±éÏ"¯K?1©a?

Ø. �VÇúª�´ù�úª�Ä:, e¡�í�¥1(5)�1(6) ÚÒ^�
�

VÇúª.

�
Bun)ù�úª, y²Xe:

E[X|Y ] =
∑

y∈Y (Ω)

E[X|Y = y]P (Y = y) (3)

=
∑

y∈Y (Ω)

∑
x∈X(Ω)

xP (X = x|Y = y)P (Y = y) (4)

=
∑

y∈Y (Ω)

∑
x∈X(Ω)

xP (X = x, Y = y) (5)

=
∑

x∈X(Ω)

x
∑

y∈Y (Ω)

P (X = x, Y = y) (6)

=
∑

x∈X(Ω)

x
∑

y∈Y (Ω)

P (X = x|Y = y)P (Y = y) (7)

=
∑

x∈X(Ω)

xP (X = x) (8)

= E[X] (9)

Þ�y¢¥�~f:3�c?�Æ)(���mΩ)¥�VÇ(VÇÿÝP (A) =
|A|
|Ω|)?À�<, Î¯Ùþg�Á�¤1X(�ÅCþ), ¦E[X]. 1�«�{´��

Î¯z�ÓÆ�¤1,��Ñ²þê��E[X]. 1�«�{´�¦z��Ì?

�Ñ���ÓÆ�²þ¤1, ,�2UìÀ��ÓÆáuz���VÇ(=T�

<êØ±c?o<ê)\�¦Ú.

1�«�{Ù¢´�E
��#��ÅCþY , Y (ω)L«�´ω¤3��?

?Ò. ù«�{�Ñ5�Ò´E[E[X|Y ]]. w,ü«�{¦Ñ5�Ï"´���,

ù�`²
�VÇúª��(5.
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Öö�U¬5¿�Ù¢ùp�Y��9�ä���ö�, Ù��Ø�½´¢

ê. 3�¡�~f¥¬2gJ�ù�:.

3 VÇ=£�äþ��'¯K

VÇ=£�ä´OI¥~����a¯K��., y35wwù��.¥�

�«¯KXÛ)û.

Äk�²x�o´VÇ=£�ä. VÇ=£�ä(±e{¡�ä)´��k�

�ä, d:8(G�8)V , =£VÇÝ
(����¼ê)G : V × V → [0, 1], ±9

å:v0|¤. Ù¥, éuz�u ∈ V , k
∑

v G[u, v] ≤ 1.

k
êÆþ�½Â, 25wwù��.�¢S¿Â. ��£Ä��:, �

m©(��0) uv0. éuz���mã, XJ�: uº:u, @oéu?

¿v ∈ Vù�:kG[u, v]�VÇ=£�v, �k1 −
∑

v G[u, v]�VÇ¬��(½ö

n)�£Ä�
��J��:).

ÙGMarkovó�ÓÆ�U¬ú�ù��.ÚMarkovó�~�q, ØL�Ä

�OI¥�U���¯Ka., �öòMarkovó?1
�
N�. ù��.äk

ér�Ê·5.

e¡5wü�~K.

3.1 ~K:Museum(Codeforces 113D)

PetyaÚVasya3?1�gÀ1, ¦�û½�ë*��ÆÔ,. ù�ÆÔ,

dm^rIë��nm�m, ¿�÷v�±l?Û�m�m�?Û�mO��m,

ü�<û½©Þ1Ä, �w�ga,��²â¬. ¦��½3eÌ8:��m�

m¬Ü. ,
¦�#P
��­��¯:¦�¿vkÀÐ3=�-¡. ��m�8

:, ¦�m©3ÆÔ,p�?Ï�5é�é�. ØL, ¦+¦��?Ï�, �¦�

�vkw�v
�²â¬, Ïd¦�z�<æ�Xe�1Ä�{:z�©¨�û

½ =pr, kpi �VÇ3ù©¨SØ�Ù¦/�(=�3�mØÄ), k1− pi�
VÇ¦¬3����m¥��U�ÀJ�m¿÷XrIL�. ùp�i��´�

c¤3�m�SÒ. z^rI¬ë�ü�ØÓ��m, ¿�?¿ü��m�õ�

�^rIë�.
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ü�I¯Ó�1Ä. durIéV, ü<Ø�U3rI-¡, ØL¦��±

lrI�ü���Ï1. d	, ü�I¯�±Ó�/BLÓ�^rI%Ø¬��.

ü�I¯Uìþã�{1Ä��¦�-¡��. �?�Ú/`, �ü�<3,�

��ÀJc Ó�m�m, @o¦�Ò¬3@��m��.

ü�I¯y3©O?3a, bü��m, ¦ü<3zm�m���VÇ. (n ≤
22)

3.1.1 ï�

·�}Áòù�¯K=z�þ¡J��VÇ=£�ä. ØJuy, duü�

<Ô��3, ·�I�òG�8V½Â�V0 × V0, Ù¥V0�K8¥�9��m�

8Ü. ÏLK8¥�Ñ�^�, ·�ØJ¦Ñz�G�(ü�?Ö� �)=£�

,��G��VÇ, =Ý
G. Ó�, Ð©G�v0 = (a, b). du¯K�AÏ5, �

�2½ÂÊ�G�8ÜS = {(a, a)|a ∈ V0}. �e5kü«�{5)ûù�¯K.

3.1.2 ){�:S�{

XJòS¥�G��=£AÏ?n, òÙ=£VÇØ
=£�gC�1	Ù

{�Ü�0, ØJuy, ·��¦�Ù¢´²Lv
õÚ½�£Ä±�, �:¤3

� �(²Lv
��m, �:�½Ê33S¥). P�ä¥��t�, �:?uz

�:�VÇ�xt, Ù¥xtu ��:��t 3G�u �VÇ, ØJuy, kxt+1 = Gxt.

Ð©G�x0¥, �kx0
(a,b) �1, Ù{�Ü�0.

ù�, I�¦�)´x∞. ù��v{3k���m�S�Ñ5�, ØL�±

uy, �tv
��, xtÚx∞ Ù¢´�~�C�. ·��±|^¯��¦�Up

/�ÑG2K , ,�|^xt = Gtx0�Ñ����Ð�Cq).

éu�Ü©'�f�êâ, ù«�{�´�±�É�, �´��êâ'�r,

xtÂñ��ÝØn���ÿ, T�{ÒÃU�å
. Ïd, 7Lé���Ð�)

{.

3.1.3 ){�:)�5�§|

«Ou){�, ·�æ^,�«�{5?nS¥�G�, òÙ=£VÇ�Ü

��0, =��
S¥�G�±�e�Ú7,=£�“J�”. ù���8�´Bu
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��§.

e¡�Ä, á\J��c, �:Ê33z�:�gê�Ï"Eu, =z���

�: uù�:�VÇ�Ú
∑

t x
t
u(ùp¦^
Ï"��55�).

éuÉuv0�:u, ·�k:

Eu = x0
u+

∞∑
t=1

xtu = x0
u+

∞∑
t=1

∑
v

xt−1
v G[v, u] = x0

u+
∑
v

G[v, u]
∞∑
t=0

xtv = x0
u+
∑
v

G[v, u]Ev

w,, x0
v0

= 1, x0
u = 0, u 6= v0.

ù�·�Òïá
���§|, )�=�. duS¥�G��UÊ3�g, ¤

±�:Ê33ù
:�Ï"gêÒ�u�:���ÚÊ33ù�:�VÇ.

ù��{'þ��{r�Nõ, �±ÏL�Üêâ, �mE,ÝO(n6), Ø¬

��. �&Ø�ÀÃ��ù��{¿�U
�(¢y$�AC, �´²LN�, u

yÙ¢�Ü©ÀÃ¿vk�\n)ù��§¥���ê�¹Â.

3.2 ~K:r�û(SDOI 2012)

Morenan�(3
���ûp. �û�±À�N�:M^>�k�ã, Ù

¥Morenan?uå:S, �û�ª:��T . �J�´, Morenan �¬l��:Ñ

u�Å÷X�^lT:Ñu�k�>, ��,��:. ù�, Morenanr�Úê

�Ué�, ��U´Ã�, ��U�Ø
ª:, e�Ø
ª:, KÚêÀ�Ã¡�.

�\7L���{¦ÑMorenan¤rÚê�Ï"�.

3.2.1 ){

�¯KÚþã�.�©�C, ï�Ø�3J:. �5¿�´, ª:T�Ñ>A

T�Üí�. ù�K�){äk�½�E|. ·�^E[Xu]L«l:uÑu��ª

:TÏ"I�r�Úê. AO�, E[XT ] = 0.

u´, �úþ, ·�kE[Xu] =
∑

v G[u, v]E[Xv] + 1.

ù�úª�¢´��{ü, qÞe�Ú�@���r, ,�UVÇ\�2\

þr�ù�Ú�1�Úê.

�´, ù.¾�´�*þ���úª, �,§´�(�, �´·�7Ll

nØþ�y²§, ÄKù´ØU¦<&Ñ�. y²��ÿI�^��Ï"ú

ªE[Xu] = E[E[Xu|Yu]], Yu´���ÅCþ, L«luÑu±�1�Ú���!
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:(�X0��Ï"úª�J��, ùpI���*Ð�e�ÅCþ�Vg, ù�

�ÅCþ´Ω�V�N�). ØJuyE[Xu|Yu = v] = E[Xv], �\E[Xu]ÒU��

(J. ÖöØ�c[��eù�¯Kp¡����mÚVÇÿÝäN´�o.

k
n��ª, ·�Ò�±ÏL)�§)û�K.

4 ü�~^Ø�ª

4.1 MarkovØ�ª

éu�K�ÅCþXÚ�¢êa, ok±eØ�ª¤á:

P (X ≥ a) ≤ E[X]

a

ù�Ø�ª`²
�ÅCþLyÑ������VÇÚ§�Ï"�'X, 3

·�é���ÅCþ���ÙÏ"��ÿ�~¢^. 5¿, �õê�¹e�Ò´

�Ø��, 
��>¬��um>.

4.1.1 A^:é���CX�ÅOþ�{$1�m��O

��ù��{�ÓÆATÑ²xù��{�Ï"�mE,Ý´Θ(n)�. �

´, o´k
ÓÆ¬ú%, �,Ï"E,Ý´�5�, ,
�¹e�{�´¬ò

z¤²��, ����. ùp, ·�5|^MarkovØ�ª©Û�eù«�¹u)

�VÇ. ^�ÅCþXL«�{��1�m, k

P (X ≥ n2) ≤ E[x]

n2
=

1

n

�Ò´`, �{��mE,Ýòz¤Θ(n2)�VÇ´Θ( 1
n
)?O�. éun =

200, 000, 1
n

= 5× 10−6, ==´�oÑ��O, �{òz�VÇ®²�uz�<k

u�Ï¯��VÇ
! Øî��`, XJ\�´Ø�&ù��{�mE,Ý�­

½5, \ù�fÒOÑ�
. XJ2�ÄO�Ï�, òz�VÇ'þ¡�Ñ�ê

�  �¬�A�êþ?.

ù�~f`², XJ·��Ñ
�{�Ï"E,Ý,   ù��{u)òz

�VÇ´��Ù��, ¤±�[��,
$1�m¹k�ÅÏ���{(�Å¯

ü, Treap�)���%¦^.
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4.2 ChebyshevØ�ª

·�¡�ÅCþX���V ar[X]�E[(X − E[X])2], IO�σ�
√
V ar[X].

XJ·���
�ÅCþ���, Ò�±?�Úé�ÅCþ±�u,�ÌÝ

 £ÙÏ"�VÇ?1�O. éu�ÅCþXÚ�¢êa, k:

P (|X − E[X]| ≥ a) ≤ V ar[X]

a2

þª��±|^Cþ��a = cσ�¤:

P (|X − E[X]| ≥ cσ) ≤ 1

c2

þªL²3=��IO���¹e, �ÅCþ £ÙÏ"c�IO��VÇ

�u�u 1
c2

.

Ù¢, ù�Ø�ªl�*�Ý?�Ú�º
��, =“������ÅCþ

 lÙÏ"�ÌÝ��”.

5 o(

�©�9�Ð�VÇØ�SNÙ¢¿ØE,, �´éõÐÆöÆS��ÿ 

 nØ�óä, �ÀÙ¥�Ü6'X, @�éõ{ü�½ÂÃI5¿, ��³g

C�Ø4��ú�n). �©l“VÇ” ù�VÇØ�Ä�Ñu, ÏLlÑ.�Å

Cþ�?Ø, ­:ïÄ
�ÅCþÄ��êiA�:Ï", ¿A^u)KL§¥.

��,ÏL�þ�(^��ÚOþ——Ï"L«)Ú©Ñ§Ý(^��ÚOþ——�

�L«)�'�'u�ÅCþ�O�ü�Ø�ª`²ü�ÚOA��^å.

�©�9�K8Øõ, �
SN´ÀÃ���(Ø�´�Un)¿Ø�\�

[!¯K. éõVÇØ¥�¯Käk���óÆpÝ, Xó,�7,!ÛÜ��

Û!k��Ã��p�m�'X. Öö3�K�{, Ø�c[���VÇØ��


��Ä:�¯K, �Ù,��Ù¤±,, ù��½¬|^VÇØk�JpgE

Uå.

du�öâÕÆf, XJ©Ù¥k�Ø��Öö�Ø�f�. ©¥éõ½n

ÚØ�ª�y²Öö�±3?Û��0�VÇØ�Öþé�, 3d�u�Ì, Ø

3Kã.
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��

a�CCFJø
Ð«g·�²�.

a�X��P��Ï±5é·���.

a�Üø«, Nh,, _�+ÓÆé·�Ø©JÑ�B¿�.

a�I1, Æ�é·���.

ë�©z

[1] �W, 5VÇØ6, �ÆÑ��.

[2] d0¥#64�#>Ü,5êÆx——ép�êÆ��g*ü�À6, þ°�

E��Ñ��.

[3] http://tsinsen.com/A1475, Codeforces 113D Museum.
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f!êâ(�K�A��²;){ H®	I�Æ� Nh,

f!êâ(�K�A��²;){

H®	I�Æ� Nh,

Á �

êâ(�K´&EÆ¿m¥�©~��K8§±�ãä!²ïä!©¬þ

ï!/#è�{0��L�²;)û�{�@�ÙU�!´<��"�©ò0�

êâ(�K��
Ê9Ý�$§��©k^��²;�{"�©�Ì�0�S

N�)é�m©£�{9Ù*Ð!�?�©|�{!�N�©�{§Ù¥�¹

�ö�éõ�MSNÚ²�o(§F"Uå��<Ú���^"

1 �?�©|�{!é�m©£�{9Ù*Ð

1.1 lÄ��²¡�!å

Ä��²¡�´�©²;�êâ(�¯K"k��²¡§·���¤�X

�ö�§�)µ

1. �\���²¡

2. íØ,g�\��²¡

3. �Î��:´Ä3�c�²¡��8S

ù�¯Kk��²;��è4�E,��{µ|^�ãä@�±Èz�²

ïä?1�o§ÏL�±Èz²ïä����Ü¿5�y�mE,Ý§Ü¿�

�©a?Ø[!4õ"

XJrÄ��²¡�¯K'����%Ô§@oþã��{Ò�½´��

�cF
§�,(¢U�Ffr%Ôûk§���Luöå
"¢Sþ§ÏL

é�m©£�{�*Ð§·��±|©/)ûù�¯K§XÓ�r¹|��
§

�,wqÃå§%U�e%Ô�%9"·�ò3e©¥ÅÚ)ûù�¯K"
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f!êâ(�K�A��²;){ H®	I�Æ� Nh,

1.2 /?UÕá,#Nl�0�êâ(�K

·�Äk�½§êâ(�K¥§¡�¦·��Ñ£��ö��/Î¯0§¡

¬éÎ¯ö���YE¤K��ö��/?U0"

·�uy§kØ�êâ(�KÑ÷v±eü�^�"d�§é�m©£�

{ò´�~k^�|ì"

1. ÷v?Uö�éÎ¯��zÕá§?Uö��mpØK��J"

2. K8#N¦^l��{"

·�A�XÛ|^ùü�^�Qº·�Ø�b�·���¤�ö�S�

´S. @o·�ò��ö�S�S�©�ü°"

·��±uy±eü�5�µ

1. w,§���ö�S�¥�?Uö�éc��ö�S�¥��Î�(

JØ¬�)?ÛK�"

2. ���ö�S�¥��Îö��É2�¡K�µ�´c��ö�S�

¥�¤k?Uö�¶�´���ö�S�¥§3TÎ¯�c�?Uö�"

N´uy§Ï����ö�S��?Uö���Ø¬K�c��ö�

S�¥��Î(J§Ïdc��ö�S���Î¢S´����ö�S

���Õá�§´��¯K���Ó�Õáf¯K§�±48?n"

�e5§·��Ä���ö�S�¥��Î"·�uy§K����ö�

S��Y�Ï�¥§1�Ü©/���ö�S�¥§3TÎ¯�c�?Uö�0

�´�c��S���Ã'�£��o��Ã'ºO#
·��cJ§?Uö

�p�ÕápØK�§c��S�¥�?Uö�Ø¬é���S�¥�?Uö

���J�)K��¤"Ïd§ùÜ©Ï��´��¯K���Ó���Õá�

f¯K§�±48?n"

·�uy§K����ö�S��Y�Ï��1�Ü©/c��ö�S�

¥�¤k?Uö�0�,�c��S����'§�k���~Ð�5�§Ò

´µK���Ü©?¿���Î�Y�ÀÜ§©ª´�����Ò´c�Ü©

ö�¥¤k�?Uö�"ù�§·�uy�¯K�Ä�?Uö�Ø2�3§


�=z�
l��!��¯KÓ�5��/�m©�Ñ¤k�?U0,�/£

�eZÎ¯0��{ü¯K§l
{z�{"

·�©Û�e�mE,Ý"Ø��/)ûÃÄ�?Uö���¯K0�E
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,Ý�O(f(n))§@odÌ½n´�§·�é�m©£�oE,Ýò´31

T (n) = 2T
(n

2

)
+O(f(n))

)� T (n) ≤ O(f(n) log n)

Ïd§��êâ(�K÷v·�þ©b½�ü��¦µ?UÕá§#Nl�§

·�Ò�±±��log��d§r�¯K¥�Ä�?U��K§C�vkÄ�?

U�{z�¯K§l
¦¯K��4�{z"

=~1>�:�32

k��²¡§·�I�|±±eö�£�{z¯K§�y¤k:Ñ3x¶þ

�§�î�I�0¤µ

1. �½�:§�\���% uT:�L�:��

2. �Î,:´Ä3¤k��SÜ£¹�±¤

�K�(��{´é�?1�ü�§=z�à��o¯K§¦^splayäÄ

��o�à�§�¦|±�\#:Ú�Î:´Ä3à�SÜ�ö�§�è��

E,"(��{��mE,Ý´O(n log n)"

Ù¢§�Kk�{ü��{"·�Ø�Äk?1�
{ü�=z"

/��:(x0, y0)?u�%(x, y)�L�:���SÜ0�du

(x0 − x)2 + (y0 − y)2 ≤ x2 + y2

= 2x0 · x+ 2y0 · y ≥ x2
0 + y2

0

�Ò´`§ÎÜ^���%(x, y)7L u�²¡2x0 ·x+ 2y0 · y ≥ x2
0 + y2

0S"u

´¯K�du§·��¦|±µ

1. �\��#:

2. �½���²¡§�Î´Ä¤k�:Ñ uù��²¡S

N´uy§�|±�ö�÷v/?UÕá§#Nl�0ùü�5�£z�

�\�:ÑäkéÎ¯�Y��¦Äû�§ØÉÙ¦?ÛÏ�Zý¤"Ïd§·

���@^þãþ©�é�m©£�{§K8�{z�µ

315µ¯¢þÌ½n�¦O(f(n)) ≥ O(n)�Ty²â¤á"�Ï�S���Ý®²��
n§

üg?nE,ÝA�Ø�U�uO(n)§XJý�Ø÷v�±äN¯KäN©Û
32K85
http://tsinsen.com/A1381
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m©��½�æ:§�¦£��X�Î¯µ

�½���²¡§�Î´Ä¤k�:Ñ uù��²¡S

ù�¯K�{�~{ü§·�Ø��Ä¦Ñ/3��²¡R����þ

�ÝK���:0"XJù�:�3�²¡S§@o7,¤k:Ñ3�²¡

S"?
N´uy§�k3à�þ�:â�U¤�·���¦�@�:§Ïd

·�ém©�@æ:¦��à�"?�Ú*	uy§·�¤¦�@�:��

�ü^>��Ç7,�Ð/Y40
�²¡��Ç§Ïd·�éà��>�

�Ç?1üS�§�©�é�²¡��Ç=�é�·�¤¦�:§
{ü�

3O(n log n)−O(log n)�mS�½"

�mE,Ý´O(n log2 n)§�è�~{ü"¦+�mE,Ý'(�){�

E,Ýõ
��log"

�é�m©£ý�ØU��Ú(�K)���E,Ýíº�Y´§�±�

·�uy§�{�´¶3u¦à�!�ÇüSÚ�©�é§ù
Ú½q�ÑJ

±`z"�·�¦K
��­��5�µ·�ù´©£�{�·�)û
c�

�S�Ú���S��ü�f¯K�§®²��
c��S��à�Ú���

S��à�§�ÛØ��r§��5Ü¿Qºé�Ç�üS��±�aq8¿

?n"
�ÎNo�Qºv'X§·�r�Î�U�Ç8¿üS§3à��Ç

Ú�Î�ÇÑkS��¹e§�IO(n)×�HÒ�±��·��¦�ÀÜ
"

u´·�²LÃõ`z§ªu��
?nE,ÝO(n)§¦þ©£�5�log�§

��
�(�K)���E,ÝO(n log n)"�,§ù��{¿vk�õ�y¢

¿Â§Ï�¢Sdu~ê�Ï§O(n log n)�{¿Ø'O(n log2 n)��{¯õ�§


�èþÒ�éõ
"

=~2>²;¯K

ù´·��Ð?Ø�¯K�{z��"�½��²¡§�¦|±µ

1. �\���²¡

2. �Î��:´Ä3�c�²¡��8S

ù�K´Ä��²¡�¯K�KíØö�����"N´uy§ù�K�

÷v/?UÕá§#Nl�0�5�"$^é�m©£§·��±r�¯K{

z�µ

m©��½eZ�²¡§�¦£��X�Î¯µ
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�½��:§�ÎT:´Ä3�c�²¡��8S

ù�¯K�7�[Ñ¬�§��^�²¡��{¦Ñ¤k�²¡��8§

,�?¿éÙSÜ�:§�²¡��º:'uT:ü4�S"�Î�§�I�

©�éé��Î:¤ u�4�«m=�"ù��{E,Ý´O(n log n)§Ïd

�þ©£E,Ý�§)û�¯KE,Ý´O(n log2 n)"

�'��¦^²ïä�o�²¡��º:S§ù��{�èþ�~�"


�§��±¦^�þ�K¥aq��{`zE,Ý�O(n log n)§�²ïä�o

{�E,Ý�Ó"

1.3 /?UÕá,�¦3�0�êâ(�K

�k�
êâ(�K§�,÷v/?UÕá0�5�§�ÑK<æ^�«

�{£ö�\�!�pK�¤r½ÀÃæ^3��{§d�§é�m©£ÒÃ

U�å
"�·��,k��Ð�{Aéùa¯Kµ�?�©|�{"

·�ò��ê
¤2��gl����Ú�/ª"«~µ

21 = 16 + 4 + 1

22 = 16 + 4 + 2

23 = 16 + 4 + 2 + 1

24 = 16 + 8

ùk�o¿ÂQº·�Ø�^þã
©�{é?Uö�©|§'X`§é

c21�?U§·�¬rc16�?U©��|§117*20�?U©�1�|§

121�?U��1n|£Ï�21=16+4+1¤"·�éz|^êâ(�?1�

o§¿|±3���Î"Ø�b�én���|?1êâ(��o±|±3

��Î�E,Ý´O(f(n)) − O(g(n))§Uìþã�©|�{§w,�õ�¬

©ÑO(log n)|§�Î�3�|SÑ�Î�H=�§Ïdüg�Î�mE,

ÝO(g(n) log n)"��oùo�´é�º5¿�cJ§?UéÎ¯�zÕá!?

Uö�pØK��J§Ïd?Uö�?¿©|!©m?nØ¬K��Y"


�1?Uö��No�Qº¯¢þ§·��I�Ä�c
©�YÚO\

��?Uö��#�©|�Y§w,k�
©|Ø2�3
§
k��©|õ

Ñ5
"·���íKØ2�3�©|§�åïÑ#O�©|=�£XJaú

J±n)§�±w�©N��ü«©v§Ù¥�¹��ã/z�Äx)º¤"
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·�5©Û�eùo���mE,Ý"·��Ä·�­ï�¤k|��

�oê"¢Sþ�±uy§�V\1k�?U�§·�­ï�|����ê

´lowbit(k)§�Ò´k��?�L«e�mý�1¤�L���33"

�Älowbit(k)���9Ùêþ§·�éN´íÑ§o�mE,Ý´34∑
1≤k≤n

O(f(lowbit(k)))

=
∑

1≤i≤logn

⌊ n

2i+1
+ 0.5

⌋
∗ f
(
2i
)

≤
∑

1≤i≤logn

O(f(n)) = O(f(n) log n)

Ïd§·�uy§ÏL�?�©|§·�±��log��d§r�¯K�Ä

�?Uö���K
§=z¤
vk?U�{z�¯K§¿��±|±�¯K

�3��{�¦"

=~3>²;¯K

ù´fâ?Ø�~2�rz��"�½��²¡§�¦3�|±µ

1. 3��\���²¡

2. 3��Î��:´Ä3�c�²¡��8S

�þ�K��§ùK�ö�÷v/?UÕá0��¦§�´K8�¦3�

�{"Ïd·���@^�?�©|�{§�¯K�=z�µ

m©��½eZ�²¡§�¦3�£��X�Î¯µ

�½��:§3��ÎT:´Ä3�c�²¡��8S

ù�¯K�±��¦^~2¥�Ñ�)û�{§Ï�@��{Ò´3��§

T�{�mE,Ý�O(n log n) − O(log n)§Ïd�þ�?�©|�E,Ý�§

�K�{�mE,Ý�O(n log2 n) − O(log2 n)"�,Ø9¦^²;�{^²ï

ä�oº:S�O(log n)zgö�§�¢S��{~ê'²;�{�Ø�§
�

�èþ�~�§¢y{ü§A�vk©a?Ø�N´��bug�SN"

^�J���*Ð"XJ·�Ø^�?�©)§
^n?�½�p?�

�©)Qº�±uy§�X?�êb�,p§üg�Î�E,Ý�¬,p§�

33«~µ22 = (10110)2¤±lowbit(22) = (10)2 = 2
345µ�þ©��§ùp��¦O(f(n)) ≥ O(n)�Ty²â¤á"�Ï�S���Ý®²�

�
n§üg?nE,ÝA�Ø�U�uO(n)§XJý�Ø÷v�±äN¯KäN©Û
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?U�oE,Ý¬ü$�ùéu,
�~AÏ�K8£'X`K8�yö�

¥98%Ñ´?U�a¤��U¬k¤^?"

1.4 éíØö�ÚC�ö��|±

k�aêâ(�K§K8#Nl��{§§�?Uö��)�\ö��í

Øö�§Ù¥�,�\éÎ¯��zÕá§�\ö��m�pØK��J§�

íØö��±��,��\ö���J§ù¦�?Uö�Ø2��Õá"'X

·�3©ÙmÞJ��/Ä��²¡�0¯K"

ùa¯K�²;�{  4�E,§�õI�ä@ä�E,�êâ(�§

k��I��±Èzêâ(���a§�èþ  4�¯<§[!�  �©

�,"���¿©u�é�m©£�%å§·���±��{ü`{��{"

=~4>Ä��²¡�¯K

k��²¡§·���¤�X�ö�§�)µ

1. �\���²¡

2. íØ,g�\��²¡

3. �Î��:´Ä3�c�²¡��8S

ù�¯KÒ´·�3©Ù�ÐJ��¯K"y3§·�ªu�)û§
"

·�Ø�UY�Äé�m©£��{"y3§?Uö�£�Ò´�\ö�Úí

Øö�¤Ø��Õá
§Ï�y3���\ö��U¬��¡�íØö���

K"·�Ø�E,Áã^é�m©£�{5)û"

·�Ø��,rö�S��©�ü�"·��Äc��ö�¥��Î§§

���Yw,���Ü©��\ÚíØö�Ñ��Ã'§Ïd§´��¯K�

��Ó�f¯K§�±48)û"

�Ä���ö���Î§§���Y��üÜ©SN�'µ

1. c��ö�S�¥�¤k�\ö�¥3TÎ¯�c��íØ�Ü©

2. ���ö�S�¥3TÎ¯�c����íØ��\ö�

·�uy§Ï����S�¥��\ö�w,Ø¬3c��S��íØ§

Ïd/���ö�S�¥3TÎ¯�c����íØ��\ö�0ù�Ü©�

c��ö�S���Ã'§�´��¯K���Ó�f¯K§�±48)û"

Ïd§¢S·��?n�SN´µ
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/c��ö�S�¥��\ö�¥��íØ�Ü©0é/���ö�S�

�Î¯0��z"

Ïd§·�¢S�?Ö´µ

�m©�½�|�²¡§�¦|±µ

1. íØ���²¡

2. �Î��:´Ä3¤k��²¡¥

éØ3§ù�¯K����)û´�~(J�"�·�uyù�¯K¥�

kíØö�§vk�\ö�"u´��²;�)û�{�þ^|
§@Ò´µ

�m�6�

Ï�·�¦^�´l��{§·����±ý�=z��¯K¥/Ð©�

�²¡80/íØÚ�ÎS�0�¤k·�I��&E"·�k¦Ñ��vk�

íØ��²¡´=
§,�_S?nö�S�§ù�§�ÎvkC§
íØ�

²¡C¤
�\�²¡�

|^�m�6§·�2gr¯K=z¤
µ

k��²¡§�¦|±µ

1. �\���²¡

2. �Î��:´Ä3¤k��²¡¥

´Ø´éÙGQºÒ´·�ff)û�~2�¯K"2gé�m©£§�±

3O(n log2 n)½O(n log n)£|^8¿¤��mE,ÝS)ûT¯K"u´§�

¯K��
)û"

�mE,Ý©Ûµb��c�?nS��Ý�n§@o�mE,Ý´

T (n) = 2T
(n

2

)
+O

(
n log2 n

)
¦^Ì½n´)�

T (n) = O
(
n log3 n

)
d�{�èþ��u²;��ãä@�±Èz²ïä��{"
�§XJ¦^

þ©¥�E,�O(n log n)�{)û=z��¯K§·��±ü$�mE,Ý�

�²;�{�Ó�O(n log2 n)"

ÏL¿©u�é�m©£�%å§·�±��{ü��{)û
3²;�

{¥�©(J�¯K"y3§���\ö��zÕá§�K8#Nl�§=¦

kíØö�½C�ö�£C�ö�¢S�ukíØ�ö�§2�\#ö�¤§·
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���±|^é�m©£��m�6§±2�log��mE,Ý�d§rK8{

z�vkÄ��\!vkÄ�íØ!vkÄ�C����·��¯K�

@o§XJù�KU¤�¦3��{§é�m©£½�?�©|�,�±

)ûíºéù�¯K§·vké�)û�{§Ï�1�Ú¥�/�m�60®

²û½
K87L#Nl��{"���§3A^�g�?�©|�{?1=

z�§·��|±�ö�®²vkÄ��\
§é,
K8½N�´��k^

�5�"kvk�r��)û�{ÿ�Öö&¢"

2 �N�©�{9ÙA^

�©�Y´~��E|§�3êâ(�K¥§ù��{  Øs�§�Ï

´·�  I�ý?n�
ÀÜâU¯�£��c�©:��Y§
?Û��

�YÑ�U��©�§Ïdý?n�E,ÝÒØ��É
"�·��k��Ð

�{5Aéùa¯K§@Ò´µ�N�©"

�
5�¯K§·�Ø�?1±e�½µ¡�c�©�Y���/�½I

O0§z�?U§(ÜäNÎ¯Ú�½IO§�±�ÑT?UéTÎ¯��½

�Y��z"Î¯��½�Y´��?U��z�Ú§
z�Î¯Ñk���

¦��½�Y§�â�¦��½�Y�¢S��½�Y�'X§·��±(½

Î¯�ý¢�Y3�c�½IO�þ�´�e"

¤¢�N�©§I�êâ(�K÷v±e5�µ

1. Î¯��Yäk��©5

2. ?Ué�½�Y��zp�Õá§?U�mpØK��J

3. ?UXJé�½�Yk�z§K�z��(½���½IOÃ'��

4. �z÷v��Æ!(ÜÆ§äk�\5

5. K8#Nl��{

Î¯��Yäk��©5w,´cJ"·�uy§Ï�?Ué�½IO�

�z�pÕá§��z��£XJk�{¤��½IOÃ'§¤±XJ·�®

²O�L,�
?UéÎ¯��z§@où��z[�Ø¬UC§·�vk7

���½IOUC�2gO�ùÜ©?U��z§��P¹e�c�o�z§

3?�Ú�©�§��\þ�#��z=�"

ù��{§·�uy§?n�E,Ý�±Ø2�S�o�Ý���'
§


�±���c�?nS���Ý�'"
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½ÂT (C, S)L«�c��©«m�Ý�C§��©S��Ý�S§Ø��

üg?nE,Ý�O(f(n))§Kk35

T (C, S) = T

(
C

2
, S0

)
+ T

(
C

2
, S − S0

)
+O(f(S))

)�� T (C, n) ≤ O(f(n) logC)

ù��5§E,ÝÒ�±�É
"ÏL�N�©�{§·�=±��log�

�d§B¢y
3ký?n���e��©�é§��~�¹e�©�é�5

�E,Ý�Ó"

þ¡�`²�U'�J±n)§Ïd·Jø
�N�©���èµeÚ

~7�ë�§S§�Ö7(Ü~Kc[n)Ù�(5��mE,Ý�y²"

=~5>²;¯K

�½��ê�§�¦£��X�Î¯µ

�½l, r, k§�ÎS��1l����1r���|¤�fS��1k��

·��Ä^�N�©�{)ûdK"Ø�b��c�N�©�Y�s§K·

��IÚOÑ��Î¯«m¥�us�êkõ��=�"XJ��kk�§@o

�Y7,�us¶ÄK�Y7,�us§
�§�us�@Ü©��©ªéù�Î

¯kX�Ó��z§Ïd§·���rù�Î¯�k�~Ks§,�©£�Ø2

ÚO�us���"

@oXÛÚOÑ��Î¯«m¥�us���kõ��Qºéõ<�1��

{�U´µm��ê|§XJS�¥,����us§Ò3ê|¥éA� �I

P�1§,�¦�HÜ©Ú=�"O(n) − O(1)§�{�E,Ý§Ø´oºéØ

3§�ýØ´"

XJùo�§·�©Û�eoE,Ý§¬¯ç�uy§oE,Ý´µ£½

ÂT (C, S)L«)û��©«m�Ý�C§��©S��Ý�S�¯K�E,Ý¤

T (C, S) = T

(
C

2
, S0

)
+ T

(
C

2
, S − S0

)
+O(n)

)�� T (C, n) = O(nC)

355µ�þ©��§ùp��¦O(f(n)) ≥ O(n)�Ty²â¤á"�Ï�S���Ý®²�

�
n§üg?nE,ÝA�Ø�U�uO(n)§XJý�Ø÷v��äN¯KäN©Û
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Algorithm 1 Divide And Conquer( Q, AL, AR )

# Q´�c?n�Î¯S�

# Ù¥WANT���¦��½�Y§CURRENT��®\O�o�z

# [AL,AR]´�c��Y��«m

if AL = AR then

òQ¥¤kÎ¯��Yþ��AL

return

end if

AM ← (AL+ AR)/2

# Solve´Ì?n¼ê§��Äëê÷v�½IO[AL,AM ]�?U

# d�Î¯S�Q¥��Î¯��Y��;�ANSê|

Solve( Q, AL, AM )

# Q1, Q2�ü���ê|§^uy©Î¯

for i = 1 to Length( Q ) do

if Q[i].WANT ≤ Q[i].CURRENT + ANS[i] then

# �c�½�YØ�u�¦�Y§`²ý¢�YA�Ø�u�½�Y

�ê|Q1"�V\Q[i]

else

# �c�½�Y�u�¦�Y§`²ý¢�YA��u�½�Y

# ù��{�'�µr�c�z\O\o�z§±�Ø2­EÚO�

Q[i].CURRENT ← Q[i].CURRENT + ANS[i]

�ê|Q2"�V\Q[i]

end if

end for

# ©£§48?n

Divide And Conquer( Q1, AL, AM )

# 5¿§ùp�N^´Q2
Ø´Q

# Ï�Q1éùÜ©Î¯��½�Y��z®²�\\�CURRENT�¥

Divide And Conquer( Q2, AM + 1, AR )
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��åÃÉ�=pÑ¯K
º

c[w�wc©¥�E,Ýªf�ù�ªf�«O�ù´��ÐÆ�N�

©�ÓÆ�~N´��¯K"·��?nE,Ý§ýéØUÚS�o�n�5�

'��UÚ�c?nS�«m��Ý�'�Ïd§�(��{´§é�c?n

«m¥¤k�us���� �üS§,��©�éz�Î¯à:¤?� �"

ù�E,Ý´O(L logL)− O(logL)§Ù¥L´�c?nS�«m��Ý"u´§

oE,Ý´O((n+Q) log n logC)§Ù¥C´�����5�"

=~6>Ý
¦{36

�½��Ý
§�¦£��X�Î¯µ

�Î,�fÝ
�1k��

�K�{�þ�~K�~�q§�´��C¤
��"·�A^�N�©

�{§¯K=z�µ

�½��Ý
§Ù¥eZ���IP
§�¦£��X�Î¯µ

�Î,�fÝ
¥�IP����ê

�	�¦µE,ÝØ#N�Ý
���5�'§�U��IP���ê

�'

ù�¯K�±¦^��äGê|)û"ùpk�tricky�/�§Ï�·��

E,Ý7LØU�o���ê�5�'§
�U��IP����ê�'§Ï

d·����Î�ØU{ü/����äGê|£ù´�o���ê�'�ö

�¤§
7L�gg_�?U£�£ùâ´���IP���ê�'�¤±�¤

��ö�§±�egUY¦^"

�mE,ÝO((n2 +Q) log2 n logC)"

=~7>ZJOI2013 K�ê�Î37

kn�ê8£ê8¥�±k­E��¤"�¦|±µ

1.  1l�ê8�1r�ê8¥Ñ�\��êk"(1 ≤ k ≤ n)

2. ¯\XJr1l�ê8�1r�ê8¥�¤kê�Ñ5�3�å§@o

ù
ê¥1k��ê´õ�"(1 ≤ k ≤ 231 − 1)

36K85
http://tsinsen.com/A1333
37K85
µZJOI2013 Day1 1�K
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·�Ø��ÄA^�g�N�©�{§@o¯K=C�
µ

k��S�§�¦|±µ

1. éTS���ã��\1

2. �ÎTS���ã���Ú

�	�¦µE,ÝØ#N�S��Ý�5�'§�U�ö��ê�'

XJvkù��	�¦§�7�[Ñ¬�§Ò´²;��ãä+BIP"�

k
ù��	�¦Qº�Uk<�`
§¦^Ä�#ï(:��ãä��,,

ù
Ñ´²;�{§�k�{ü��{íºXJ\�
�U�´vk�{§

@o����©11�lÞ2Ö�Hj:-)"ù�?Uö�´÷v/?UÕá05

�����A^é�m©£§¯K�=z�µ

m©��ÑeZ«m§�¦£�eZ�Îµ

�½��«m§�¦m©��Ñ���«m�T«m�8��Ý�Ú"

w,z�m©��Ñ�«mé�Y��z´��©ã�g¼ê"��üS

�×�H=�"

�mE,ÝO(n log3 n)§XJé�m©£�¦^8¿üS�`z�O(n log2 n)"

ÏL�N�©�é�m©£�nÜA^§·�¤õ)û
ù�K8"

�N�©�{´�«ék��?nÃã§U�Ì{zéõK8"'X`§

·��±r©ÙmÞ�Ñ�K82\r�e§U¤�¦|±µ

1. �\������²¡

2. íØ,��\��²¡

3. �ÎCX
,�:��²¡¥§������²¡���

ù�¯KXJØ^�N�©?1?n�{§A�Ã{)û"��N�©�

�§¯KÒ¤õ=z¤
©ÙmÞ�Ä��²¡�¯K§l
��
)û"

3 o(

é�m©£�{!�?�©|�{Ú�N�©�{§Ñ´)ûêâ(�K

�k�óä"·�/A^ù
�{!¿©/u�ù
�{�%å§�±�Ìü

$êâ(�K�JÝ!ü$?èJÝ"ù
�{���§¢SÑ´ÏL|^ê

â(�K�ö�¥Ûõ�AÏ5�§~X/?UÕá0/�zÕá0/#Nl�

�{0�§5��=z¯K!{z¯K�"ùé«·�§�¿©�÷K8AÏ
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5!|^K8AÏ5§l
���\`{p���{"

4 AOa�

• a�CCFJø
ù��6�²�

• a�I1!Æ�é·���

• a�_�+!Û�¶!$UÊ!��´!��Ó�ÃõÏL�ä½y¢�
·�6?Ø!��
·Ãõ�ÏÚ�y�ÓÆ

• a�Û�¶!9Ó¬�ÓÆ3LATEX�¡�·��Ï

• a�·��Ì?ÚÙ¦P�é·�|±

ë�©z

[1] 5l3Cash4!�a©£�{�A^6�ûl

[2] �r³3WC2013¥�Ç�
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­þ²ïäÚ�M²ïä3&EÆcm¥�A^

É²	I�Æ� �á#

Á �

­þ²ïä´�«äkïÄÚ¢Sd��²ïäVg§�M²ïä´�«

Äu­þ²ïä��~kd���Mêâ(�§,
3CAc�OI¹Ä¥é�

w�¦���K§�©�ö�
Uõù�G¹§lõ��Ý�[0�
­þ²

ïä�VgÚ��«a§¿�À�
�
²;�A^\±�\&?"

1 �©(�

�©k{ü�0�­þ²ïä�Vg§¿�ò0��
­þ²ïä"

[1] Treap

[2] Skip-List(aL)

[3] Scapegoat Tree(O��ä)

���©ò0�A�­þ²ïä�A^

[1] Ä�«mk�Î¯

[2] S�^S�o¯K

�e5�©ò0��±Èz­þ²ïä"

��´�©�­:§0�¦^­þ²ïä5�o�M²ïäù�êâ(�§

¿)û�
¯K"
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2 ­þ²ïä�Vg

���²ïä�6u��^=ö�§^=ö�3ÚO�
�±¯�Ü¿�

&E��ÿ´vk¯K�§�´éu�\E,�&E§Ò¬��E,Ý�¯

K"

2.1 ^=Å��6à

�Ä��{ü�~f§·��3��²ïä�z�!:þ�o��8Ü§

�;fäSÜ¤k�ê§d��g^=ö���d�U¬��O(n)§DÚ�^

=²ïäÒÃ{u��^
"


­þ²ïäKØÓ§¦zgö�K����fä���´��½öþ�

½öÏ"�O(log n)"ù�=¦Uìþ¡¤`��ª�o§E,Ý�´�±�É

�"

2.2 Øæ^^=Å��A«­þ²ïä

k�
²ïä(½öU¢yDÚ²ïäö��êâ(�)¿Ø�6u^=Å

�§Ïd�ÒØ¬É�^=Å�6à�K�"

�©À�3OI¥k�½¢Sd��üö\±0�"

2.2.1 aL

'uaL§®²kI[8Ôè�c�3Ø©¥�
�[�ùã§Ïd�©

�Ø2Kã§k,��±ë�N¹¥�”�ãaL))aL���ÿÐ”"
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2.2.2 O��ä

O��ä�6u�«�å­��ö�"

·�½Â��²ïÏfa§éO��ä�z�!:t§·�ÑI�÷

vmax(sizel, sizer) ≤ a · sizet(l, r©OL«�mfä)"

¦�¢y�ª��~�{'²
§zg·�?1ö���§éÑ þ�p

�Ø÷v²ï5��!:§ò§�å­�¤����ä"

2.2.3 O��ä�E,Ý

4·��Ä��®²�­ïL
�fät§²LO�·��±uy���3

p¡�\Ω(|t|) �!:§¦â¬�­�£�N�­�§f��­�Ø�Ä¤"
Ó�­���d´|t|�§Ø�zg�\��:�Ó�§^B�§�¤ky

kÑVþ1�³U§@o�z�!:�­���ÿ§§þ¡Ò¬kv
�³U5

?1­�"

@o�\�þ�E,ÝÒ´O(log n)
"

íØ�©ÛudÄ���§Ò3�Öög�
"

Ó�du²ï5�§·��±y²O��ä�pÝ´log 1
a
n�"@o�éö

�g,�´O(log n) �
"

2.2.4 ²ïÏfa�À�

·��±5¿�²ïÏfa3Ñ���¹e§­�ö�¬C�§Ïd�\�

�m¬k¤ü$§�´äp�ÏdC�§�é�m¬O�"

3���¹e§­�ö�¬Oõ§Ïd�\��m¬O�§�´äpÏd

C�§�é�m�C�
"

���¹e�0.6�0.7�m�²ïÏfÒU÷v�Ü©�I¦
"

2.2.5 O��ä�`":

O��ä�,ØÄu^=Å�§�´Ùg´�~�ß§�èþ�~�

�§3�Ýþ�Øú§ÃØ´�mE,Ý§¢yE,ÝÚg�E,ÝÑØÑ

�Treap±9Splayù��DÚ²ïä"3¢S'm¥¦^´é²��ÀJ"
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�,O��äduÙ²ïÅ����§¿ØU|±�
�~E,�ö�§

'XSplay¥~��J���«m��"

Ó�du¦´��³U�þ�(�§�Ã{{ü�?1�±Èz"

¿�¦3¢y¥�I�P¹size�5L«fä��§�,ù3OI¥¿Ø´

�o�¯K"

oN5`O��ä3{ü�²ïäA^þ�~ÑÚ"

2.3 æ^^=Å��­þ²ïä

=¦æ^^=Å�§�kéõ²ïä´­þ²ï�"�±ùon)§�Ü

©^=Ñ´¤¢�”�N”§�3.eu)§¤±fäØ¬��§p?�^=K

��u)"¤±oNþ�½Ï"E,Ý?,´O(log n)"

2.3.1 Treap

Treap´���~~��êâ(�"

�¶gÂ§Treap=Tree+Heap§§éz�:�o���Å��§Ó�¦�

ù�ä�/GÒ�U�Å��^Sl����\�ÊÏBST��"

·�Ñ�����Åêâ��¹e§ÊÏBST�Ï"pÝ´O(log n)�"@

oTreap�Ï"pÝ�´O(log n)�§¿��Ñ\Ã'"

Treap��X�ö�Ñ´é²;��{§2gÒØ2Kã
"

2.3.2 Treap�­þ²ï

�·��\��ê��ÿ§�U¬E¤�
^=§Ø���\:t=�


ykk� �§@o·�I�¦^sizek��m5­�§�ù«�¹u)�^�

´:t��Å��´kfä¥�����§@oVÇÒ´ 1
sizek
"@oÏ"��d

Ò´1"Ó���:�õkO(log n)�yk§@oo��g�\�Ï"�dÒ

´O(log n)"

�e5·��ÄíØ��êx"·�Ø���­�±Tä���fä"d

u��:Ï"kO(log n)�yk§@o·��±��(yk§¯f)'Xo�¬

kO(n log n) é§�Ò´`z�:�fä����ÚÏ"´O(n log n)"Ïd�

�:�fä��Ï"´O(log n)"¤±íØ��ê�E,Ý´Ï"O(log n)"
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3 ­þ²ïä�A^

@o·�5w­þ²ïä�A�A^"±d5rN­þ²ïä��^"

3.1 S�^S�o¯K

3.1.1 ¯K£ã

·�y3k��!:S�§�|±Xeü«ö�µ

[1] 3!:x��¡�\��#!:y

[2] Î¯!:a, b�c�'X"

3.1.2 ){1

·��±¦^{ü�²ïä5�où�S�§�\Ò���\§Î¯��

'X��¦Ñü�!:�g�rankÒU{ü¢y
"

�\E,ÝO(log n)"

Î¯E,ÝO(log n)"

3.1.3 ){2

·�E,¦^²ïä5�où�S�§ØÓ�´·�éz�:�o��I

Ptagi§Î¯a, bc�'X��I�'�taga, tagb���Ò1
"

XÛ�où�IPQ§·�Ø�4z�:éA��¢ê«m§4�éA¢

ê«m(0, 1)§éuéA¢ê«m(l, r)�!:i§§�tagi´
l+r
2
§§��fä�¢

ê«m´(l, tagi)§mfä´(tagi, r)§N´uyù��tagi´÷v�¦�"

@o·�'���ÿ�I�'�tagiÒ�±
§Ó�5¿�3ùpz�

:tagi��©1´2depthi+1,depthiL«i��Ý�Ò´���ål"

@o��ä´²ï�§�Ò´���ÝØ�§°Ý´k�y�"¦

^doubleÒ�±
"

@o3�\��ÿ§·��U�é���fä�tag�?1­#O�§��

¦^­þ²ïä§ÒU��O(log n)�E,Ý"

Î¯E,Ý´O(1)"
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3.1.4 ){3

�¯K´��²;¯K§�W�ÓÆ��
Ø©¿uy�3���\Ú

Î¯Ñ´O(1)�`D�{§ØL��©ÌKÃ'§k,��ÓÆë\N¹¥

�“Two Simplied Algorithms for Maintaining Order in a List”"

3.2 Ä�«m1k�

3.2.1 K8£ã

·�y3k���Ý�n�S�s§�¦|±A�ö�µ

[1] 31i�ê��¡�\êx

[2] ?Usi���v

[3] íØ1i�ê

[4] Î¯«m[l, r]S�1k�ê´õ�"

3.2.2 K8){1

·�¦^­þ²ïä?1�o§z�!:^��²ïä��Ùfä�¥�

¤kê"

@o�\íØ?UÑ�±3O(log2 n)��mS)û"

éuÎ¯ö�·�k�©�Ya§,�Ò�±3O(log2 n)��mS£�«m

¥'a��êkA�§oE,ÝÒ´O(log3 n)"

3.2.3 K8){2

·��±3z�:�o�����ãä§l
òE,ÝU?�O(log2 n)"

'u���ãä§�±ë�·�c�Ø©§N¹¥�”�±Èzêâ(�ï

Ä”§p¡k�[�ù)"
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3.2.4 K8){3

·�,	JÑ��k¿g�){§·�Ø�é¤k���Nm���ãä"

3��«m[l, r)��¤k��3[l, r)�m�ê� �|¤�²ïä"

£�Î¯��ÿÒ3���ãäþr�H§E,Ý´O(log2 n)"

�\ê��ÿ§·�I�3S�¥�\Tê§Ó��ãä¥�¹Tê�!

:¥�\§"

d�·�I�5¿�§Ï��\
��ê§§�¡¤kê� �Ñ+1
§

·�w,Ã{��?U§�� �§�´5¿�·�¿ØI��§��(� 

��3²ïä¥�o�I�U¯�'�ü� �c�^SÒ�±
�

Ïd·�¦^S�^S�o¯K�){5�où�S�§ù�·�ÒU¯

�'�ü�ê�c�'X§l
�¤²ïä��«ö�"

@oÙ§ö��E,Ý�´O(log2 n)"

3.3 Ä�K-Dä

K-Dä´��é²;�AÛêâ(�¿|±éõö�"

Äk{ü£��eK-Dä�Vg"

K-Dä�6ué²¡¤k:�Øäy©§·�zgò¤k:UìX½Y¶ü

S§Uì�m½öþe©¤¦þþ!�üÜ©§,�48y©"

y©�¶�^S´�O�§ÄkX¶,�Y¶,��gaí"

b�·�y3k
�K-Dä§·�I�|±�\��:�ö�"

XJ·����å�é:� �,��\§K-Dä�5�Ò¬�»�"

·��±�ìO��ä�g�§�½��²ïÏfa§-��y©�õ�Ü

©ØU�La*o��§ù�ÒU�y�\ÚÎ¯�E,Ý
"

3.4 MAXPATH

ù´��·��MK

3.4.1 K8£ã

²¡þkn�:§ü�:pi, pj�mkk�>�^�´i < j, |pipj| < Rj"

¦�^���´»"
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n ≤ 50000"

3.4.2 ){1

dKk��Äu©£ÚVã�O(n log3 n)){§~êÚ�èþÑ�©¯<"

du��©ÌKÃ'§ÒØ2Kã§a,��ÓÆ�±���WC2013�r

³�ù���"

3.4.3 ){2

Äk·�?1DP§-dpiL«±i�(����ó��Ý´õ�"

@o�±�ÑDP�§dpi = max dpj(j < i, |pipj| < Ri)"

�Äù�ªf§1���{´�o��êâ(�§|±�\����:Ú

Î¯���SÜ���:�"

�´ù´�~(J�¯K"·�Ø����g´§·�ò�c¤k�j <

iUìdpj��^SüS"

,�·��gl���éÑ1���i�ål�uRi�"

ù�E,Ý�´O(n2)�§ØL·�5¿�d�¯KÒC��±@^�cJ

�L�êâ(�
"

·�¦^­þ²ïä5�o¤kjUìdpj�üS§3!:þ�o��K-Dä

��!:SÜ¤k�:"

@o£�Î¯�§·�3K-DäþÎ¯Ù¥li�C�:�ål´Ä�uRi§

ÒU��T =�¯fr
"

�Ñdpi��·�Ò���\²ïä¥Ò�±
§du�I�3K-Dä¥�

\§·��I�¦^c¡J��Ä�K-Dä"

K-DäÎ¯�C:��d�±w�´O(
√
n)�§@oo��E,ÝÒ

´O(n1.5 log n)"�,E,Ý��){1Cp
§�´~êÚ�èE,ÝÒC

�
éõ(Vã��èþÚ�èE,Ý�'K-Dä�~�)"

4 �±Èz­þ²ïä

·�5�Ä�±Èz­þ²ïä"duTreap��Ò´­þ²ï�§·��

I�¢y���±Èz�TreapÒ�±
"
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'u�±ÈzTreap�oo[!§�±ë�·�c�Ø©/�±Èzêâ(

�ïÄ0§3dÒØ2Kã
"

�mE,ÝÚ�mE,ÝÑ´zÜÏ"O(log n)"

O��ädu§´��þ��êâ(�§XJ·��I�Ü©�±Èz(�

U?U�c(�§é{¤(��?1Î¯)§´�±ÏL{ü��±Èz²ïä

�{¢y�"

�´XJ�¢y���±Èz(é{¤(���|±?U)§KÏ�¦´þ

�O(log n)�§XJ��p�d�ö�?1õg§E,ÝÒ�»�
"

5 �M²ïä

5.1 �M²ïä�½Â

�Ä���Ý�n�iÎGs§½Âsi�Ùdsi, si+1, · · · , sn|¤��M"
�M�m���di;S½Â§�M²ïäÒ´��²ïä¿�où
�

M�^S"

5.2 �M²ïä��E

�e5·�l3�½l���Ý©O�ÄXÛ�E�M²ïä"

5.2.1 l��{

�½��iÎGs§·�k¦Ñ§��Mê|�Ò´¤k�M�üS§,�

�â�Mê|éN´ÒU�E�M²ïä"

E,ÝO(n)½O(n log n),�ûu\¦^�¦�Mê|��{"

5.2.2 3��{

��MäÚ�MgÄÅ�Ó§�M²ïä�k�����V\iÎ�3�

�{§�ÏdU)û�
ü��Mê|Ã{)û�¯K"

��MäÚ�MgÄÅ���´§�M²ïä�3��{Ø´3iÎG�

�§
´3iÎGmÞV\iÎ"

4·��Ä�ciÎGs§¿�3ÙmÞ\\��iÎc"
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@o�±uy¢SþÒ�u3�M²ïä¥�\
��#��McS"

XJ·�U¯�'�ü��M���§@o��@^²ïä��\�{Ò

1
"

5.2.3 MF

Äk·��±¦^�²;�MF{§·�ý?n�eiÎG�MF§,

�ÒUÏL�©3O(log n) ��mS¦Ñü��M�LCP§l
'�§���

�"

d��mE,Ý´O(n log2 n)�§�èE,Ýé�§'�Ð�"

5.2.4 @^S�^S¯K

5¿�XJ·�¦^�cJ��S�^S¯K�){§ÒU3O(1)��m

S'�ü��M���
"

ù�E,ÝÒC¤
O(n log n)"�MF{k
é��U?"

5.2.5 �±Èz

·��Äé�M²ïä?1�±Èz§��·�¦^Treap§�±éN´�

ò�{*Ð¤��±Èz�{§l
¢y�±Èz�M²ïä"

d��mE,ÝØC§�mE,ÝC�O(n log n)"

5.3 �M²ïä�`³

Äk�M²ïä3Vgþ�´�Mê|Ú²ïä���nÜA^§�'E

,��MgÄÅÚ�Mä�\Ðn)"

�èE,ÝK�é��
§�´g´é�Ù§ØN´��"

Ó�§�'�MgÄÅÚ�Mä§�|±�
Ù§�ö�"

'X�MgÄÅÚ�Mä�,Ñ�±3"�\\��iÎ§�´§�Ã{

|±3"�íØ��iÎ�ö�§�'�e�M²ïäÒ�±¢yù�ö�"

Ó��M²ïä��±|±Ä��o��Trie�¤k�M§ù´�MgÄ

ÅØUp�¢y�"
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�kÒ´�M²ïä��Ø�6uiÎ8���§
�MgÄÅÚ�Mä

�{ü¢yÑI��Äù:"

��§�M²ïä�±|±�±Èz§ù´�MgÄÅÚ�Mê"�#9

�"

�e5·�ÒÏLA�~K5L²�M²ïä�^?"

6 �M²ïä�A^

6.1 COT4 online

dKU?g�W�� �²;K8COT4"(�éu�Kù�±`´��f

z)"

6.1.1 K8�¿

�\��iÎG8ÜS§�m©p¡�k���G"\I�|±�
ö�µ

[1] �Ñ��s ∈ S§�Ä��iÎcòscÚsÑ�\8ÜS"

[2] éu��Î¯GqÚ��8Ü¥�iÎGs ∈ S§ÑÑq��s�fGÑy
A
g"

ö�gên ≤ 200000,Î¯G�ÝÚQ ≤ 500000"

6.1.2 K8){

Ù¢·�5¿�§òsc�\8ÜS§¢SþÒ´3s�¡V\
��iÎ§

@o·�¦^�±Èz�M²ïä�os�¤k�M§V\�?1�±Èz�\

=�"

,�´Î¯��iÎGqÑy
Ag§5¿�ù�¢SþÒ´¤ki;S

'q#���M�êþ~�'q���M�êþ§#�L��J[���iÎ"

@o·�3²ïäþ�©'��é=�§E,Ý´O(|q| log n)§�±�É"

ÏL�o�
N\&E�±òÎ¯E,ÝU?�O(|q| + log n)§ØL��

E,"

ö�E,Ý´O(log n)§oNE,ÝÒ´O((n+Q) log n)"

2013c&EÆc���¥II[èÿÀè
Ø© 95



­þ²ïäÚ�M²ïä3&EÆcm¥�A^ É²	I�Æ� �á#

6.2 STRQUERY

dK´·��MK"

6.2.1 K8�¿

·�k��iÎGs§·�I�|±Xe4�ö�:

[1] 3��à�\½íØ��iÎ

[2] 3�mà�\½íØ��iÎ

[3] 3�¥m( |s|
2
?)�\½íØ��iÎ"

[4] Î¯iÎGqÑy
Ag"

��kn(n ≤ 150000)�ö�§¤kÎ¯��ÝÚ≤ 1500000"

6.2.2 K8){

Äk§·���M²ïä�±|±3��à�\½íØ��iÎ§-ù�

�(�TL"

@o·�òù����L5§¿�òÎ¯G��L5§ÒU|±3�mà

�\½íØ��iÎ§-ù��(�TR"

·�y3�Ä5¢y���±3üàíØ½�\�(�§·�Ø��o

��(�TL§��(�TR§¿4(�TB = TL + TR§@o�\íØ©O

3TLÚTR�§XJÙ¥���í�
0�§@o·��±r,	��þ!�©

¤ü�§lþ�¿Âþù�ö�ØK�E,Ý"

Ó�3TBþÎ¯§·��±kÎ¯q3TLÚTR¥Ñy
Ag§,�2Î

¯§3ª��Ü©Ñy
Ag§5¿�ª�Ü©�Ý�õ�2|q| − 2§���Ñ

?1KMP=�"

,�·�5¢y���±3�¥m�\�(�TM§·��oü�TB :

l, r§zg�\��3lÚr�m��A�iÎ§¦�l�¡@� �©ª´�¥

m"ù�ÒU3�¥m�\
"

Î¯�3TBþÎ¯��"

@o·�Ò�Ñ
��|±dK�(�TM§E,Ý´O(n log n)"
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a�

�W�ÓÆé·��Ï"

CCF�·�Jø�ùg�B�Å¬"

±9�ö���:"

ë�©z

[1] 4[Z, ��, 5�{²â�&EÆ¿m6, �u�ÆÑ��"

[2] 4[Z, 5�{¿m\�²;6, �u�ÆÑ��"

[3] Michael A. Bender, Richard Cole, Erik D. Demaine,Martin Farach-Colton,

and Jack Zito, “Two Simplied Algorithms for Maintaining Order in a List”.

[4] o¬�,5�ãaL))aL���ÿÐ6, I[8Ôè2009Ø©"

[5] �á#,5�±Èzêâ(�ïÄ6, I[8Ôè2012��"
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f!�GOê¯K

ô��~²p?¥Æ p�»

Á �

3êÆ!&EÆ¥§~¬��Oê¯K§Ù¥éõ�´�GOê¯K")

ûda¯K~^�burnside�p_lya½n§Ó�I��ÜÙ§�{§X4í�"

�©éd?1
{��©Û§¿o(Ñ�
²��±ë�"

Úó

3&EÆ��GOê¯K¥§~~¬k“^̂̂===½���òòò��ÓK�Ó«�

¹”�^�Ñy§Xµ

���Gn����ê�§z���Ñ�±/¤ôÚ1, 2, · · · ,m§^=��
Ó�ê���Ó�«�Y§¦o�Yê"

éuù��Oê§~~¦^|ÜêÆ½ö4í)û§
éu�^=9�ò

ù
¯K§I�ín!`z"X��da¯K§3êÆín�¡Ò�±¦^�

©¤J�burnsideÚn9p_lya½n§e¡k£��e)ûda¯K¤I���

£"

1 nØÄ:

1.1 $�

��8ÜS�$$$���(X\{!~{!8Ü�¿�)´lS×S�S�¼ê∗38§�

¤a∗b ½ab§8ÜSÚS�$�P�(S.∗)"

38S×S�S�$�k�¡���$�§�©¤ã$�þ�d$�"
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1. $�eé∀ a, b ∈ Aka ∗ b ∈ A§K¡A3∗eäkµµµ444555"

2. $�eé∀ a, b, c ∈ Ak((a ∗ b) ∗ c) = (a ∗ (b ∗ c))§K¡A3∗e÷v(((ÜÜÜ
ÆÆÆ"

3. $�eé∀ a, b ∈ Aka ∗ b = b ∗ a§K¡A3∗e÷v������ÆÆÆ"

4. e�S¥��§eé∀ a ∈ Ska ∗ e = e ∗ a = aK¡e�∗�üüü   ���"

5. a,b�S¥��§ea ∗ b = b ∗ a = eK¡b´3∗ea�___���(��a−1)"

6. $�eé∀ a, b, c ∈ A�a ∗ b = a ∗ c�kb = c§K¡A3∗e÷v������ÆÆÆ

1.2 +

�G´��äk��$����8Ü§e÷v

1. $�÷vµ45

2. $�÷v(ÜÆ

3. ü �áu8Ü

4. 8Ü¥?����_�áu8Ü

K�¡G�+"��1.1"

+G¥���êP�|G|§¡�G����§dd©�kkk���+++�ÃÃÃ���+++"

1.2.1 ��

�σ´��l8Ü1, 2, · · · , n�g����N�§K�¡σ�������§/Xµ

σ =

(
1 2 3 · · · n

a1 a2 a3 · · · an

)
(10)

Ù¥a´��ü�§
Ù¥?¿��
(
i
ai

)
Ñ´Õá�N�"
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d¤k��¤�¤�8ÜP�Sn§w,��n!§ØJuy§Sn´��+§

¡��n�ééé¡¡¡+++"
������+++´é¡+�f+39§Ù¥¤k��Ñ´�«��"

Ù¥�)
ü � (
1 2 3 · · · n

1 2 3 · · · n

)
?¿�«��k��_�(

1 2 3 · · · n

a1 a2 a3 · · · an

)−1

=

(
a1 a2 a3 · · · an

1 2 3 · · · n

)

���±�¦{§X
(
a
b

)
∗
(
b
c

)
=
(
a
c

)
"Ï���k��_�§¤±ea,b,c�

?¿��§a ∗ b = a ∗ c§Ka−1a ∗ b = a−1a ∗ c�b = c"l
d¦{÷v��Æ"

1.2.2 burnsideÚn

½Âµ

1. kØÄ��aµ�½��+G¥§éun�8ÜX§k ∈ [1, n]§¦kØC(=

1k����
(
k
k

)
)����N§��Zk(N´uy§Zk´G���f+)"

2. �daµ�½�^38ÜXþ���+G§e�3,��gr��kC��

�l§K¡k�láÓ���da§k¤á�daP�Ek"

dd��§3)û¢S¯K�§Ï~´�Ñ
��+§I�¦Ñ3�½8

ÜX¥�da�ê8§5¿�kØÄ��a��´¦�§�±ò�daê^Ù¦

�±¦��þ¤L«"

½nµ∀k ∈ [1, n]k|Ek| ∗ |Zk| = |G|"
ùp{ü`²�eµ�Ek = a1, a2, · · · , an§-tj�?¿��G¥�òkN

��aj���§du�����ÆÚµ45§Ktj ∗ Zk�±QØ­E½Ø¢
¦�L«¤k1k �aj�ü�"éj¦Ú§=��±þ½n§Ó��±uy

ei, j ∈ EkK|Zi| = |Zj|"

39�H´G�f8§e3G�$�e§H´��+§K¡H�G�fff+++
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-l�8ÜX�daêþ§
∑n

k=1 |Zk| =
∑l

k=1

∑|Ek|
i=1 Zai =

∑l
k=1 |G| = l|G|§

=���burnsideÚÚÚnnnµ�¤k�U�¹8ÜX§��+G§éuz���g ∈
G§-Xg�g��� �ØC���8Ü40§K�da�êþ

l =
1

|G|
∑
|Xg| (11)

2 AÏ�¹©Û

ÚóÜ©¤`�^̂̂===Ú���òòò§�´burnsideÚn�AÏ�¹§3däN?

Ø�eÙí��A^"

2.1 ^=

uyù´burnsideÚn��«AÏ�¹µéu^=ö�§XJ^=��ü

 §�����

σ =

(
1 2 · · · n− 1 n

2 3 · · · n 1

)
òd��g¦k-1g§�Ò�éA�^=k�§ò����(

1 2 3 · · · n

1 + k 2 + k 3 + k · · · n+ k

)
(12)

ùp�½n+ 1 = 1, n+ 2 = 2, · · · , n+ k = k"

ù�Ò/¤
����n���+"

p___lya½½½nnnµ�G�én�é����+§z�é��^m«ôÚ/§KØ

Ó�Yê�µ

l =
1

|G|
∗ (mc(g1) +mc(g2) + · · ·+mc(g|G|)) (13)

c(gi)�gi�Ì�!ê"

p_lya½n�±)ûù
¯K"

¯K¤�¦��Yl�
1

n
∗
∑n

k=1 Xσk§σk�Ò´^=
k�§
Xσk==Lk�

����gC§dÎ=�Ø��ÙØÄ��´Ì�!�(n,k)�ê�"¤±�

40
∑

g∈G Xg =
∑n

k=1 |Zk|=oØÄ��ê
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ne5�l = 1
n
∗ (
∑n

i=1 f [(n, i)])§Ù¥f[i]�4í�Ñ��Y§Xp_lya/Ú¯K

¥f [i] = mi§dúª4aqup_lya½n"

UY`zdªf§�±qÞ(n,i)�¹§nS0(mod (n,i))§¤±qÞn¤

kÏfk§(n, i) = k�¦ 
nS0(mod k)

iS0(mod k)

(
n

k
,
i

k
) = 1

*	^�nwå5§(ÜêØ�£§�±uy÷v�¦�i�ÐÒ´

kφ(n
k
)�§¤±�ª�úª�±���µ

l =
1

n
∗

∑
nS0(mod k)

f [k] ∗ φ(
n

k
) (14)

¢Sþ§3Ø
)burnsideÚp_lya��±ù�n)µéu����n��§

O��¬3z�� �þO�ù���g§�Y´
f [n]

n
§��U3ØÓ �ò

�äm5¤/¤�ê��Ó§d=u)3��3Ì�!��¹e"eÌ�!�

Ý�k§Käm�=¬kk«ØÓ�ê�§¤±�òÌ�!�Ý�k��¹\þ

�"

qÞ¤kn�Ïf��Ì�!�Ýk§Ì�!��kKk
n

k
gÌ�"�¤óª

(����g��k�4í§�Ò´òkE�
n

k
H¦Ù��n�«aê"b��

�k�ê��áÌ�!Ò´k(=Ø´�á�Ì�E�
¤§�¡ò?nù�«�

¹)§@oÙ�Yê�
f [k]

k
",
w,,
Ü©õ�
�
§�Ò´�c)Ò¥

¤J§Xµ3O�Ì�!�6�G�§�Y¥�½¬�¹Ì�!�1,2,3�G§@

o�±3�Ì�!�3�G�YN½K§§~�
f [3]

6
"I�¦^N½½ö#'¿

d¼êO�§�
n

k
=pc11 p

c2
2 · · · pctt §�±í�Ñf[k]�Xê�

∑
di<=ci

(−1)c1−d1+c2−d2+···+cn−dn p
d1
1 p

d2
2 · · · pdtt
n

c[*	uyÙ¢þãúª¤L��Ò´
φ(n

k
)

n
§�ª����Y�Ð´�cí

Ñ�úª"

¯¢þd�{��þÚp_lya½ní��Ó"
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2.2 �ò

Ón�±�Ñ�=ö����§=(
1 2 3 · · · n

n n− 1 n− 2 · · · 1

)
(15)

Ù_�=�ü �(��ê��=êiØC)"

Ó�§�±n)�=��AÏ�¹µéu�n�ó§Ï~5`z�GÑ�O

�
TÐüg"��G�£©G����Ó¯¢þ�O�
�g§\þ£©G

��¹=�§Ù¢Ò´r��
n

2
, nS0(mod 2)

n+ 1

2
, nS1(mod 2)

�áó�ò�,�>C���n�ê�"dun�Ûê�3���1
n+ 1

2
�¥g

C��gC§¤±ÛóÑk
�É"

¤±�±�Ñúªµ

l =
1

2
∗ (f [n] + f [

n+ odd(n)

2
]) (16)

ùp6½odd(n)��äÛó�¼ê§Ûê�1§óê�0"

2.3 �ò+^=

d�¹ò¬3±e�äN¯K¥©Û"

3 ¢~

3.1 Codeforces93D Flags

K¿£ã

�½�G��n�ê�§^o«ôÚ£x�ùç¤/"�¦�� �ôÚ

ØÓ§x�!ùçØU��§�Ø�3ëYç!ù!x¤/¤�n�|"�=

��Ó�ê���Ó�«§Î¯�Ý3l�r�m�ê�kõ�«§��ÑÑ"

1 <= l <= r <= 109
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�{©Û

Äk�±rdK=z�¦�Ý31�n�mê��«aê"d¯K�±^4

í)û§Ï��)ûØ�3ëYç!ù!xn�|§¤±���P¹�Cü�

�ôÚ§l
�±�¤=£§4í�±¦^Ý
¦{?1`z"�â2.2�o(§

I��Ä£©G�¹"�±uy§Ûê�óê�¹k¤�É"

�K��AÏ§w,�±uy�n�óê��¥mü�ôÚ�Ó§�ØÎÜ

��¹"¤±óê��Y�
f [n]

2
§Ûê��Y�

f [n] + f [n+1
2

]

2
§�ª�Ü=z�

�Ý31�n�mØ�=ê��«aê"

3.2 Spoj large

K¿£ã

t|êâµ�Ü�S�Xn�<§<�<�m��Ä5Oþ��É§�¦Ø

Uk�Lm�å)ëY�X"�S�±^=§Î¯ü� �Y«aê§��Ñ

Ñ"1 <= n,m, t <= 1000

�{©Û

�Äd^=�.§Ù��+��n§Ï�/£ãe5Ò´©O�=1, 2, 3, · · · , n�"
k�ÄØ\^=ö���¹§6��À�SÄ���§�±P¹G�g[i]L«�

�i�S��i�I)�Yê§´uy�±Ü©Ú`z=£"

e¡\þ��5�§Ä����ØU�Lm�å)�ë"�â®²�Ð

�g[i]§ùp�±æ^N½{§\±4í����ªê�f[i]§L«3����i!

ØUkm�å)ëY���Yê"�e5�±�Ä^=3Ù¥��^
§|

^2.1í��úª§qÞn�Ïfk dý?n�ê|f�ÚOÑ�Y"

3.3 \r-gMKring

K¿£ã

{zK¿µ¦��n��G01G§Ù�¹�½��k�iÎGs�êþ§��

ÑÑ"1 <= k <= n <= 109, k <= 30
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�{©Û

�ÄdKÚþK�«O§�½�GØ2k�5@ok5Æ§�U3)ûù

�¯K����
æ�"

�±��Ù�{§�¬uy¦f[i]�Ø�ØP¹1��G�§ù�±|

^kmp�����±�Ñ=£",
\þ��5��§¯KC��\E,§X

J2æ^N½�U¬�O��5é�æ�§¤±I,8¿»"éu��)§�

Ä3�
m�§XJØ�3iÎGsK7,¬kµê�Ä´s,�M§ê�"

´s,cM"�ÄþK§uy�Iê��!c�©��å)�ê�uk+1=�§

¿�éu?¿ù����¹§¥mn-k-1�� ��Sü�Yêþ�Ó"

�Ä�K§¿Ø÷v±þ5�§��±k2ý?nÑ����boolê|pP

¹s�z��M�cM©�å5´Ä/¤s§éu¤k�U�c�M©��¹Ñ

���g4í"du�UÑy,�M´,���M�cMù«�¹§��­E

O�¤±I�­"G��±P��M�ÝT�a§cM�ÝT�b"^®k�pê

|�±ÚO���/¤s��Yê§�±^Ý
¦{¯��¢y"

�d§�K®²Ä�)û
"�´EI\þ^=úª±�Ñ�Y"�Ä^

=�A�§�±5¿���­��[!§=�Ïf�Ýl < k��?n§�Ä�

�c¤`f [k]3úª(5)¥�¿Â§3O��¤�f[l]��Y´òl­E�
n

l
H��

Yê§�Ä�k <= n§¤±�±@�´r��l�iÎG­�
v
õH",


iÎGs�±��)3p¡§ùÒ´��²;�iÎGÌ�!¯K"|^®²�

Ð�kmp����§�±3A�ifS)ûd[!"

3.4 UY\r

\r��

1. \þ�=ö�"

2. U�õG¯Kµ�½õ�G§��n��ØU�¹?¿��iÎG"
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)û�Y

1. K8XJ/¤
�=Ú^=�(Ü§Ò¬Ñy�
E,��¹"Ù¢�Ð

��{�´�Ñ¤k�U���§32.1¥�n ���9Ùúª"3n)�

=�§�±n)��=�2^=�kn«��§ù�3äNö�å5��

E,§ØXXúu�§r�=�3^=w�´�g�=§�duÛó5�

¯K�)
ü«�¹§Xµ (
1 2 3 4 5

2 1 5 4 3

)

�±w�±4�¥%��=§3ù�Ûê�¹en«���´©O±n��

��¥%��="e�´U/¤ØÄ��§K��'u¥%��é¡§

n«��Ù
n+ 1

2
���þû½
,	���§�Yê�n ∗ f [

n+ 1

2
]§2\

þ^=Ü©�ªØ±|G|=2n=�"

�óê�Xµ (
1 2 3 4

2 1 4 3

)(
1 2 3 4

3 2 1 4

)

Ñyü«�¹§Ù��±ü��m�¶�=§n�ü��m¶¥üüÓ�§

Xþ¡~f¥Q�±±12m�¶§q�l34m�=§¤±k
n

2
«�="=

IÙ¥��§
n

2
���=�û½,	���"2ö§�±±���¶§Ó

��m¶�n�uyk
n

2
«�=§Ù¥z«��Ñ�dü� ��=§X

~f¥�±±2½4�¶§¤±�d
n

2
+ 1���(Ï��¹
ü�¶)â�û

½��G"�Yê´
n

2
∗(f [

n

2
]+f [

n

2
+1])§\þ^=Ø±2n���ª�Y"

�u4íÜ©Ú\rc��Ø�§G�Ø�?U§�,P¹a�bL«�M

�cM"^=Ú�òö�©m?n§du�òö�UC
^=�©��

ª§¤±IUC©�5K§?U��boolê|p��=��¤dK"

�u�K¤`�l < k�[!¯K§�òö��´Ó�?n"dudÜ©�

�Ç�oE,ÝÃ'§¤±�±¦^?¿�{�ä´Ä�3��l�G�

ò��¹k§¢yå5�´Ñ'^=(J�
"

dKE,Ué�t�)û"
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2. üG�õG§éw,4í�c�MÜ©�Irkmp�{U�acgÄÅ=

�"Ï��UÑyÏf�Ýl�u,
G�Ýki§¤±�±uyéuz�Ï

f�ÝlÑ�­#�ïgÄÅ"

ùpJø�«{ü�)û�Yµéuz�iÎG§aqu�K§XJ�3

����l�GCXki��ÝKòd��ki�Gv��Ýl§L«ØUÑyù

��iÎG"

4 o(

3¿m¥�U¬��éõkaq^��K8§é�U¬4<aúJ±\Ã§

$��U¬k
%É
Ju)û§�´��rºÐ�����§9úª���

z�êi���¿Â§NõwqéJ�K83g��åþ¥�UÒHA
)


"

ë�©z

[1] 
RR,5üa�G8�XÚ�Oê6,f��Æa¬ÆØ©

[2] Â7�,5���¡N�^=+p�Ñ���+�Ó��I6,�e��Æ�

êÆ&E�ÆÆ�Æ�

[3] Seymour Lipschutz,Marc Lars Lipson Í,ùO©,ù%È5Schaum’s Outline

of Discrete Mathematics6(lÑêÆ)�u�ÆÑ��

[4] Î©#,5p_lya�n9ÙA^6,20018ÔèØ©

[5] �ÕF,5p_lyaOê{�A^6,20088ÔèØ©
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©¬�{�A^

ìÀ��|1�¥Æ �fr

Á �

©¬�{´�«Ï^�!p5d'�¯K)û�{§U
3Øé¯K5�

�Lõ©Û��¹e�Ñ�Ç�p�){"�©ÏLeZ~K§0�
©¬�

{��«A^§¿}ÁéÙ�5?18B"

Úó

3&EÆ¥k�a¯K§�¦|±S�£½ä�(�¤þ«m¥&E�¯

�ÚO§¿�U�k�a?Uö�"ù�a¯K�DÚ){�±©�|^�ã

äÚéS�©¬üa§
�ãä�¦^~~kÛ�5§d��1��{Ò�k

©¬§~X1�!¥�¯K",��¡§k�¯K�,�±^�ãä½Ù§�

{)û§�©¬�{��{ü§k�$�U�5�Ð��mE,Ý§~X1�

!¥�ü�¯K"

éS�©¬��{Ny
þ����Ç�Ï��g�"ù��g�Ø=�

±^3éêâ��oþ"½Ï­ï��{41§±9Ü¿üa�{)û¯K��

{ÑNy
ù��g�"ùAa¯K3�ü!¥?1
?Ø"

41�±w�é�m�?1©¬
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1 Section 142

1.1 Problem 1 : UNTITLE143

K¿

�½��S�A[1..n](n ≤ 50000)§�O��êâ(�§|±ü«ö�µ

1. 0 x y k : òA[x..y]O\k"

2. 1 x y : �ÎS[x..y]����§Ù¥S[i] =
∑i

j=1 A[j]"

K)

�K´�aêâ(�¯K��L"§�¦�o��S�§|±é«m�?

UÚÎ¯"éuùa¯K§���g´´òS�©�eZ«m?1�o"XJ

«m�&E|±Ü¿§·��±¦^�ãä¶ÄK§·��U¦^©¬��

{"

�K¥§·�}Á�oS�S[x]"�Ä�gö�(0, x, y, k)§b�§�9�

«m�[li, ri]§K¯K��uò[l1, r1]¥�S[i]O\(i− l1)×k§ò[l2, r2]¥�S[i]O

\(l2− l1)×k+ (i− l2)×k§,,§ò[lj, rj]¥�S[i]O\(lj− l1)×k+ (i− lj)×k"
5¿éuÓ��«m[l, r]¥�S[i]§ÙOþäkdelt + (i − l) × K�/ª§Ù

¥CÚdelt´~ê"¤±éz�«m·��oùü����BIP"

T«m?1��Î��u�ÎC +max(S[i] + i×K)��"�
¯�?1�

Î§·��Ä�U¤��`)�:�5�"�yi = S[i], xi = i§�Ñé¤k:�

Ó�~êC§¤¦�z = yi + k · xi�±w�L:(xi, yi)§�Ç�−k���3y¶

þ��å"�Î����ö�§��uÏé��:8¥§L,�:��Ç�−k
����y�å����"�Ä�^�Ç�−k���ly¶Ã¡� ��e²

£§�:8¥�1��:�>�=Ê�§Xã1¤«§d��y�åw,´��

�"T����:8�þà�¥�:�>§Ïd§éu?¿�z§�k(xi, yi)�

þà�¥�:�U�¤�Y44§«m¥I��o�&EÒ´Ùà�"¦Ñà�

42�©¥z!0��¯K3�{þ�3�5"wª/^!IKéÙ?1V)´Ø7��§Ï

d!IKæ^
”Section n”�{ü/ª
43Source : SPOJ
44î��y²Ñ��¡§�[�±g1�¤§ùpÑ�
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Figure 1: ,�«méA�:8Xã§�Äk=-0.32��¹§�`)éA�:�

:G§�U¤��`)�:^ùÚIÑ§§��¤
:8�þà�

��§5¿�éuà�þ�:(x, y)§§�¤��Y'ux ¥VN"Ïd§�±

¦^n©{45 ?1�Î§E,Ý�O(logN)"

XJ¦^�ãä�o§«m&E�Ü¿Ã{¯��¤46"¤±·�©¬

�o"ò�S�©�M¬§z¬¥�oS[]éA:8�à�"?Uö�éA

u?U�õü�¬��Ü©§±9?U�õN
M
¬�BIP"éu?U¬�

�Ü©�ö�§·��å­ïT¬�à�§E,Ý�O(M)¶?UBIP�

ö�E,Ý�O(1) × N
M

= O(N
M

)§Ïd§?U�E,Ý�O(M + N
M

)"Ó�

/§�Îö�éAu�Î�õü�¬��Ü©§±9�õN
M
¬��N�Î"

é�Î¬��Ü©�ö�§·��å�¤¶�N�ÎXc¤ã"oE,Ý

�O(M + NlogN
M

)"�M =
√
N§���{�?Uö�E,Ý�O(

√
N)§�Îö

�E,Ý�O(
√
NlogN)"

ÏLòäy©�
√
N¬§ùa¯KéN´í2�äþ§/¤�(�¡�¬

Gä"¢y�[!ùpÑ�"

1.2 Problem 2 : ·�RMQ¯K

K¿

�½��S�A[1..N ]§zgÎ¯�½l, r§�Îminl≤i≤r(A[i])"

45ë�ë�©z[4]
46à��Ü¿klogN��{§�´LuE,§�±ë�ë�©z[1]
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K)

O(N)−O(
√
N)�{ òS�©�

√
N¬§òz¬¥1�� �¡�'�:"ý

?nÑz¬S����§¿|^ù�&E§3O(N)�mSý?nÑzé'�:

�m����¶Ó�ý?nÑz� ��l§�C�ü�'�:�m����"

u´XJÎ¯(l, r)¥§lÚrØ3Ó�¬S§·��±|^þã&E3O(1)�mS

)û¶ÄK§·��å×£A[l..r]§3O(
√
N)�mS���Y"

O(NloglogN) − O(1)�{ éul, r3Ó�¬S��¹§·�vk7��å×

£"·��±éz�¬48/ïáþ©¤ã�êâ(�§����o�S

��Ý�1"�±5¿�§ù�(���u��z�ÝêØÓ�ä§Ù�Ý

�O(loglogN)"duz�þý?n��d´O(N)�§�{�ý?n�m�

�O(NloglogN)"

Î¯��ÿ§XJü�à:Ø3Ó�¬¥§·��±O(1)���Y¶ÄK§·

�48�ù�¬éA�e�?êâ(�¥"ù��{´O(loglogN)�"�´X

J·�zg�©���f�!üà:Ø3Ó�¬¥��g§Î¯�E,Ý�±

ü�O(logloglogN) "

�ÄXÛ��Î¯O(1)��{"XJ�3�êz¦�N = 22z§@oz��þ�

¬��Ý´�Ó�"�Ä�Ý�L���Î¯§�i ´1��÷v1i �¬�Ø

�LL��ê§u´�f�!üà:Ø3Ó�¬¥��g7,´i½öi − 1§�

�©O�y=�"ÏLý?nz�LéA�i§Î¯��mE,Ý´O(1) �"

XJz > loglogN§·��±rz�¬��ÝLO\�¦
√
L´�ê����"d

�z�¬��Ó�5����±§þã�{E,·^"w,§ý?n��mE

�O(NloglogN)"

O(Nlog∗N) − O(1)�{ 47 òS�©� N
logN
¬§ý?nz� ��l¦�C�

ü�'�:�m����"ý?nz¬S����§¿^ù N
logN
��3O(N)�

mSïásparse table"u´éuª¬�Î¯·�Ò�±3O(1)�mS£�"�


?n¬S�Î¯§·�éz¬48ïáù�êâ(�§���c?n�S�

��Ý�1"duzg48¯K�5�ü�
éê?§48��Ý´log∗N�¶

qz�ý?n�o�d�O(N)§ý?n��m´O(Nlog∗N)�"

47a��W�w�·ù��{
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Î¯�^�þ��{aq�Ãã�±��O(1)"

¿m¥§þã1���{�O(NloglogN) − O(loglogN)¢y�k5d'"

3¿m¥§�±|^O�Å|±O(1) $��5�òù��{`z�O(1)§ù

pØ2Kã"éRMQ ¯K��3Ù¦¯��{§ùpØ2?Ø"

,	§þã�Þ��{¥§1��Ú1���±*Ð��a��z�¯Kµ

3Ã?U��¹e§Î¯«m&E�¿§Ù¥¿�ö�÷v«m\{§�Ø÷

v«m~{"~X§«m��ëYfãÚ¯K48"

2 Section 2

2.1 Problem 3 Fairy49

K¿

�½��ã§Î¯�3õ�>§¦�íKù^>���ã��©ã"

º:êN ≤ 100000§>êM ≤ 100000"

K)

�K�3�5�{§�g�Ú¢y�E,ÝÑ'�p"ùp·�0��«

{ü�å��{"

XJ��y��ã´Ä��©ã§·��±^¿�8�¤µ�oz�:

�ÙéÏ©þ¥�L�ål�Ûó5§\\>(u, v)�§3¿�8¥Ü¿:u, v§

XJu, v�53Ó�éÏ¬¥§¿���L�ål�Ûó5�Ó§K\\T>¬

Ú\Û�§�ãØ´�©ã"

|^ù�5�§·��±ò>L©¬§éuz�¬§ÄkO�Ñòd¬�

	�¤k>\\¿�8���(�¶��éu¬¥�z�^>§·�ò¬¥Ø

§±	�¤k>\\¿�8§¿�ä´Ä�)gñ§����\\�¬>�ö

�"��ö��±^Ò�o"

5¿¿�8�O(α(N))�E,Ý´Äu²�©Û���§Ïdd��{�

E,ÝØUw�O(N
√
Nα(N))§
´O(N

√
NlogN)"�´XJ·�3òØ�

48SPOJ GSS1
49Source : Codeforces 19E
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T¬�	�¤k>�\��?1 :§c�üÚ�ö�Ò´Ø�'�
§|^

²�©Û��§d��{�E,Ý�O(N
√
Nα(N))"

3 Section 3

3.1 Problem 4 : 0Jú	50

K¿

�½��N�:�ä§z�:��"�kM«ØÓ���"Q|ö�§zg

�±?U��:���§½´Î¯ë�:si, ti �´»���"

Ù¥´»��½ÂXeµ�½ê|V§W§�´»þ1i«��Wi�Ñyg

ê�Nw§KT´»���� ∑
i

Nw∑
j=1

WiVj

êâ©�naµ51

1. ä´�^ó§Ã?U"

2. äØ´ó§Ã?U"

3. äØ´ó§�?U"

�K�IO�{´l�?nÎ¯§¿3Î¯¥?1=£§��ë�8Ôè

��¥�Á-EK)"3ùp§·�?Ø�ÙØÓ��X�3��{"

3.1.1 óGÃ?U��¹

éuä�óG§�Ã?U��¹§·�k±e�{µ

òó©�
√
N¬§ý?nlz¬�å:£±e¡'�:¤Ñu§�z��:

��Y"ù�L§´O(N
√
N)�"

�Ä�gÎ¯§�Ù�à:�l§mà:�r§�ll�C�¬å:�L§u

´[L, r]��Y®�¦Ñ"·�qÞ[l, L)¥�z��:§r§B\ÚO§¿�#

50Source : WC2013
51�Ø
Øä�L5��
�¹
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�Y"�
�#�Y§·�I���,���W [i]3(i, r]¥Ñy�gê§|^

cMÚ��{§=z��Î,���3[1, i]Ú[1, r]¥�Ñygê��"Ïd§·

��oOkr[i][w]§L«ci�ê¥lÑz����wÑy�gê"

��^��ê|?1�o�E,Ý´O(N2)�§�´5¿�Okr[i]ÚOkr[i−
1]=3�� �k�O§Ïd·�^±Èz¬GóL�oOkr[i]"òOkr[i]©

�
√
N¬§�o��z¬���"�ÄOkr[i]�O�§Ù¥k

√
N−1¬ÚOkr[i−

1]¥�Ó§·�ò��Okr[i − 1]¥éA¬�����E�L5¶éu�e

��¬�å#ï"Ïd�ïOkr[i]�¦^
O(
√
N)��	S�"½ ?¿�

�Okr[i][j]�E,Ý´O(1)�"

u´§ý?n�E,Ý�O(N
√
N)"�Î�I��	�Ä�õ

√
N�:§

ÙE,Ý�O(
√
N)"

�{���èXeµ

Algorithm 2 Init

1: bsize =
√
n

2: bcnt = [ n
bsize

]

3: for i = 1 to n step bsize do

4: for j = i to n do

5: calculate Ans[i][j]

6: end for

7: end for

8: for j = 1 to bcnt do

9: okr[0][j] = new int[bsize+ 1]

10: end for

11: for i = 1 to n do

12: p = [W [i]−1
bsize

] + 1

13: copy okr[i] from okr[i− 1]

14: okr[i][p] = new int[bsize+ 1]

15: copy okr[i][p] from okr[i][p− 1]

16: okr[i][p][W [i] mod bsize+ 1] + +

17: end for

2013c&EÆc���¥II[èÿÀè
Ø© 115



©¬�{�A^ ìÀ��|1�¥Æ �fr

Algorithm 3 Query

Require: the query interval [l, r]

Ensure: the answer ans

L = l
bsize

+ 1

2: if l mod bsize 6= 0 then

L = L+ 1

4: end if

ans = Ans[L][r]

6: for i = l to L− 1 do

p = [W [i]−1
bsize

] + 1

8: q = w mod bsize

o = okr[r][p][q]− okr[i][p][q]
10: ans = ans+ V [o]

end for

12: return ans

3.1.2 äGÃ?U��¹

éuäØ´ó��¹§�{´aq�"òä©��õ
√
N¬§¦�z¬�

pÝØ�L
√
N52"^�þ�!Ó���{§ý?nÑz�'�:Ñu�?¿�

�:��Y"�óþaq§·��oOkr[i][w] L«l��:i �´»þlÑz

����w�Ñygê§u´\\:�#�Y�ö��±^aqóþ��{)

û"�{�E,Ý�óþ��¹�Ó§�O((N +Q)
√
N)"

3.1.3 äG�?U��¹

3k?U��¹e§·��Äéö�©¬)û¯K"

ò¤kö�©�Q1/3¬§Ú�?nÓ�¬¥�ö�"éu¬¥�Î¯§Ä

kòd¬�c�¤k?Uö�A^�ä¥§,�|^þ�!¥��{§?nÑ

=�Äd¬�c¤k?Uö��¹e§¬¥�z���Î��Y£1�Ú¤¶�

�éu¬¥�z���Î§òÓ�¬¥3§�c�¤k?UB\ÚO¥§O�

§é�Y�5�K�£1�Ú¤"

52ù��©¬w,oU�¤
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Figure 2: k26����n�¬GL

�Äþ¡�1�Ú"·�òä©�N1/3¬§?nÑlz�'�:Ñu§�

�?¿º:��Y"3�oOkrê|��ÿ§XJ·�UY|^±Èz¬GL§

ù�Ú�E,ÝÒ¬��O(N3/2)§ù´J±�É�"¤±·�ò¬GL¥�z

�¬2g©¬"53òOkr ê|©�N1/3|£1��¤§z|¥�N2/3���^±

Èz¬GL�o£1��¤"ù�(���±�w���N1/3�ä"zg·��

�?U��£���¤¬GL§¿#ï�����N1/3�£.�¤ê|§Ïd§

O�Okrê|�E,Ýü�
N4/3¶
3Okr¥½ �����E,ÝE,�±

w�O(1)§Ïd§?n��Î¯�E,Ý£3ù�Ú¤´O(N2/3)�"

31�Ú¥§·��Äz�3�cÎ¯�c�?U§�ä§´Ä3�c

Î¯�´»þ"XJ3§Ò?U�Y"¦^Î¯E,Ý�O(1)�LCA�{§ù

�Ú�E,Ý�z�Î¯O(Q2/3)"Ïd§�{�oE,Ý�O(Q1/3(N4/3 +

Q4/3))"

�IO�{�'§ù��{�`³´§Ø7l�"|^aq��{§·�

�±3�)ûéõ/Ã?U¯K�±)û§�?U¯KÃ{��)û0�¯K§

½ö�k�aö�Ã{��)û�¯K§~X��\Ú?U�«mK�¯K"

3.2 aq¯Kµ��\�«mK�¯K54

¯K£ã

�½��S�A[1..n]§|±n«ö�µ

1. M x y : òA[x]?U�y¶

53éuOkrê|��o§,	��)û�Yë�ë�©z[3]
54Source : BZOJ
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2. I x y : òy�\�A[x]�¡¶

3. Q l r k : �ÎA[l..r]¥�1k��

ö�êqØ�L1.75× 106§�S��Ýn ≤ 3.5× 104"�¦3��{"

K)

XJ�k?UÚ�Î§·��±^äGê|@�ãä3O((n + q)log2n)�

�mS)ûµäGê|¥z�(:�oÙéA�«m¥¤k��|¤�Ä��

ãä¶?U�3éA�logn��ãä¥?U¶Î¯��©�Y§O�'�c�

Y�����ê§du¤k�ãä�(��Ó§Î¯�E,Ý�O(log2n)"

3k�\ö���¹e§ò¤kö�©�m¬§ò�¬�c�¤k�\ö

�A^�S�þ§�E�cS��äGê|@�ãä(�"Î¯�O��Ä

�¬¥�\��¹e§¢S�Î¯«m¶3zg�©�×£¤k�¬¥��

\§?��Y"�{�E,Ý�O(m(nlogn + q
m
logn))§�m =

√
q§��E,

Ý�O((q + n)
√
mlogn)"

4 Section 4

4.1 Problem 555

K¿

�½N�iÎG8Ü§Ð©�z�8Ü¥=k��iÎG"�¦|±ö

�µ

1. MERGE A B íØ8ÜA!B§�\8ÜA ∪B"

2. QUERY S s �Î8ÜS¥�G3iÎGs¥Ñy�gê"

iÎG�o�SlenØ�L105"

55Author : �W�
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K)

|^��è�g��oACgÄÅ§�±��O(NlogN)��{"�´ù«

�{�g�Ú?§E,ÝÑ'�p"ùp0��«{ü�O((N+Qlen)
√
Slen)�

{§Ù¥Qlen´Î¯G�o�Ý"

�L = [
√
Slen]"ò�ªG©��Ý�uLÚ�uL�üa§u´�Ý�uL

�iÎG�õk[Slen
L

]�"éz�8Ü¥�Ý�uL�G§ý?n§��hash �§

¿U�Ý�;3HashL¥¶é�Ý�uL�G§·�O�§��3KMP�{¥

�next ê|"

Ü¿��I�éHashL?1éuªÜ¿"Î¯�§éu�Ý�uL�G§�

å?1KMP§du§��nextê|®�O�§ù�Ú�E,Ý´O(qlen× Slen
L

)

�§Ù¥qlen´�cÎ¯G��Ý¶é�Ý�uL �G§qÞ���å© 

�§��qÞ�ª��Ý§3éA�Hash L¥?1�Î§E,Ý�´O(qlen×
L)�"

�d§¯K��)û"

4.2 Problem 6 KAN56

K¿

XJü�«mk�8§·�¡§�p���"

�½N�«mA[1..N ]"M|Î¯§zgÎ¯�½��«m[l, r]§(½A¥�

����ëYfS�§¦�Ù¥z��«mÑ�«m[l, r]��"

N ≤ 50000,M ≤ 200000"

K)

«m[l, r]Ú[l′, r′]��⇔ l ≤ r′, r ≥ l′"Ïd§XJ��ä��Î¯Ú��«

m8Ü´Ä�Ü��§�I�O�T«m8Ü�à:����£��first¤Ú

mà:����£��second¤§,��Î¯�à:?1'�=�"

XJ��Î¯��Y�ÝØ�LL§·��±éz�l ≤ L§ý?nÑS[l]L

«�Ý�l�¤këY«m�(first, second)kSé�8Ü"XJ��yTÎ¯

56Source : Algorithmic Engagements 2011
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£��[l, r]¤��Y´ÄØ�ul§·���3S[l]¥�éfirstØ�Lr���¥§

second����§�yÙ´ÄØ�ul=�"5¿�éu��a§XJ�3b¦

�b.first ≤ a.first, b.second ≥ a.second§@o��aÒ´Ã^�"3S[l]¥�Ø

¤kù����a�§Uì(first, second)üS§zg�yÒ�±é�firstØ�

Lr�����§�yÙsecond´ÄØ�ul"u´�©�Y§2^þã�{�y

=�"ù�Ü©�E,Ý´O(NL+Qlog2N)�"

XJÎ¯��Y�Ý�LL§@oòS�A©��ÝØ�LL�eZ¬�

�§�Y7,îª��ü¬"òS�©¬§z¬�o¬Sci�«mÚ�i�«m

�(first, second)é§u´éuz�Î¯§·�Ò�±�©��Ù3z¬¥l�

à:Ñu������Ý§±9lmà:Ñu���£_S¤���Ý"|^

ù�&E§·��±é¤k¬×£�H���Y"E,Ý�O(QN
L
logN)"

�{�oE,Ý�O(NL + Q(log2N + N
L
logN))"�L =

√
NlogN§��E

,Ý�O((N +Q)
√
NlogN +Qlog2N)"

o(

©¬�{�`³3uØI�é¯K�5�?1Lõ�©Û§äkÏ^5"

Ù"�3u¢y'��¡§��mE,Ýk�J±«É"3¢SA^¥§ù�

�{äk�p�5d'"

��

a�3�©��L§¥Jø�Ï�Û�¶!�W�!0Ê²n ÓÆ"

a�Jø~K�NõÓÆ"

ë�©z

[1] �á#§5�±Èzêâ(�ïÄ6, 2012c8Ôè��

[2] �fr§50Jú	 )K�w6, 2013c8Ôè��

[3] Anders Kaseorg, “Optimal worst-case fully persistent arrays”, TFP 2009

[4] “Ternary Search”, Wikipedia
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f!N½�n

¤ÑÔ¥ �&

Á �

�©lOê¯K¥�N½�nÑu§�ÑN½�n�/ª§ÏL�
~K

&Ä
¦^§)K�g��ª§,�ïÄ
N½�n�í2§éN½�n��

�z�Ñ}Á§��o(
N½�n9Ù$^L§¥¤Ny�g�!�{"

1 Úó

3�a|ÜOê�¯K¥§·�I�é�
8Ü�¿½�¥����ê?

1ÚO§
éuù«¯K§N½�n´�«Ï^�){§¤±3�©�c�Ü

©§·�ò&ÄN½�n�/ª§^N½�n)ûOê¯K�©Û�{§±9

eZk��~K"


N½�nØ=�±)û|ÜOê¯K§3�©���Ü©§·�òéN

½�n?1í2§�±)û�
êØÚVÇØ¥�¯K§
ÏL©ÛØÓ¯K

¥N½�n�/ª§·��±òN½�n��z§l�p��¡n)N½�

n"

2 N½�n

3ù��!¥§·�¬l�
|ÜOê¯KÑu§�ÑN½�n�/ª¿

�Ñy²§,�ÏL�
~K�Ñ^N½�n)K�g��{"

2.1 ý��£

�Ä��{ü�¯Kµ,�ka�<ò��y§b�<ò�xx§c�<Qò

��y�ò�xx§¯õ�<k���«A�º
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ÏLx©¼ã��{§éN´�Ñd¯K��Yµa+ b− c"
·��±�ÑT¯K���/ªµ���k�8�U§U¥��kü«5

�P1ÚP2§
÷vP15����|¤8ÜS1§÷vP25����|¤8ÜS2§

@oþ¡�¯K��u´¦��÷vü«5�������ê§�±L«¤ù

�µ

|S1 ∪ S2| = |S1|+ |S2| − |S1 ∩ S2|

Ù¥|S|L«8ÜS¥����ê"
·��ÄU¥��kn«5�P1, P2, P3§éA�f8´S1, S2, S3§E,�±

ÏLx©¼ã��{§��e¡��ªµ

|S1 ∪S2 ∪S3| = |S1|+ |S2|+ |S3| − |S1 ∩S2| − |S1 ∩S3| − |S2 ∩S3|+ |S1 ∩S2 ∩S3|

5¿�§·�r¦¦¦¿¿¿888¥¥¥���������êêê=z¤
¦¦¦���888¥¥¥���������êêê§ù�ÚNy


===zzz�g�"

��/§�U¥��kn«ØÓ�5�§1i«5�¡�Pi§÷vPi���|

¤8ÜSi§@o

½n2.1.1. ÷vP1, P2, · · · , Pn¥����5��U¥����ê´

|S1 ∪ S2 ∪ · · · ∪ Sn| =
∑
i

|Si| −
∑
i<j

|Si ∩ Sj|+
∑
i<j<k

|Si ∩ Sj ∩ Sk| − · · ·

· · ·+ (−1)n−1|S1 ∩ S2 ∩ · · · ∩ Sn|

y². �Ä��?u
⋃n
i=1 Si¥���x§§¤ám�8ÜT1, T2, · · · , Tm§@o·

�O��eþªm>ÚO�x�êcntµ

cnt = |{Ti}| − |{Ti ∩ Tj|i < j}|+ · · ·+ (−1)m−1|{T1 ∩ T2 ∩ · · · ∩ Tm}|

= C1
m − C2

m + · · ·+ (−1)m−1Cm
m

= −

(( m∑
i=0

(−1)iCi
m

)
− C0

m

)

= −
(

(1− 1)m − 1

)
= 1

(Ü��ª½n=�y²N½�n��(5"
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�d§·�®²��
^N½�nO�8Ü�¿¥���ê8��{"�

\C/·�ÒU^N½�nO�8Ü��¥���ê8"

·�^
⋂n
i=1 SiL«I�Oê��8§-SL«8ÜS'u�8U�Ö8§@

oSiÒL«Ø÷v5�Pi�8Ü"�Ä�I�Oê�´÷vP1, P2, · · · , Pn�
��§·�?1�ÚÖÖÖ888===zzz§¦Ø÷v����5��U¥����ê§

=
⋃n
i=1 Si§ù�8Ü�Oê�ªÒÚ�caq§¤±

½n2.1.2. ÷vP1, P2, · · · , Pn¥¤k5��U¥����ê´

|S1 ∩ S2 ∩ · · · ∩ Sn| = |U | − |S1 ∪ S2 ∪ · · · ∪ Sn|

nþ¤ã§·��±|^N½�n3¦¦¦¿¿¿888���������êêêÚ¦¦¦���888���������êêêù

ü�¯Kmppp���===zzz§ùJ«·�§^N½�n)K§´��===������ÝÝÝ�g�

�ª"

2.2 ²;¯K

·�ÏLA�|ÜOê�²;K8§5&ÄXÛA^N½�n"

2.2.1 Ø½�§�K�ê)Oê

¯K2.2.1. �ÄØ½�§

x1 + x2 + · · ·+ xn = m

Ún���^�xi ≤ bi§Ù¥mÚbiÑ´�K�ê§¦T�§��K�ê)�ê

8"

3)ûù�¯K�c§ùpØ\y²/�Ñ��(Øµ

½n2.2.1. Ø½�§x1 + x2 + · · ·+ xn = m��K�ê)ê8�Cn−1
m+n−1"

3A^N½�nc§·�I�éÑ�8U§±9�xU¥���Pi"

• U´÷vx1 + x2 + · · ·+ xn = m�¤k�K�ê)¶

• éuz�Cþi§ÑéA��Pi§
Pi�L�5�´xi ≤ bi"
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�÷vPi�¤k)|¤8ÜSi§@o·�I�¦)��Ò´µ|
⋂n
i=1 Si|"

d�c��£·��±�Ñµ |
⋂n
i=1 Si| = |U | − |

⋃n
i=1 Si|"
|U |���±

d½n2.2.1O�§·�X­�Ä�¡�Ü©§
ù�´�cN½�n���/

ª�

ÏLÐm
⋃n
i=1 Si§¯K=z¤µéu,A�A½�Si§¦)÷vù
^�

�)�ê8"��/§�Ñ1 ≤ i1 < i2 < · · · < it ≤ n§¦|
⋂t
k=1 Sik |"

�ÄSik�¹Â§=÷vxik ≥ bik + 1�)�ê8"
éz��k§Ñ�

÷vù�^�§=ÜÜÜ©©©CCCþþþkkkeee...������§·��±3�§�m>~�e.

Ú
∑k

i=1 (bik + 1)§@o#�§�)�·��¦�)´��éA��
#�§�

z�CþÑvkþe.��§¤±Ó��±^½n2.2.1 ¦Ñ"

u´·��I�qÞ{S1, S2, · · · , Sn}���f8§?1N½�n�O�=
�"

�Ä)KL§§·�k´r¯K�¤8Ü�/ª§éÑ�8U§±9·�

�)I�÷v�5�Pi§,��ÑI�¦��ªf§^N½�n?1Ðm§u

´·��±XúÛÜ§ù����êÒ��~�§¤�����)�¯K§�

�·�r�YÜ¿å5Ò�±
"

2.2.2 � ü�Oê

¯K2.2.2. ¡���Ý�n�ü�p�� ü�§��=�é¤k�1 ≤ i ≤ n§

Ñ÷vpi 6= i"�Ñn§¦�Ý�n �� ü��ê8"5¿ü�¥1�n��ê

ÑTÐÑy1g"

ÓþK§·�Äk©Û�8UÚ5�Piµ

• UL«�Ý�n�¤kü�¶

• éuz� �i§ÑéA��Pi§
Pi�L�5�´pi 6= i"

Ó��÷vPi�)|¤8ÜSi§@o·�I�¦��E´|
⋂n
i=1 Si|�

u´^Ó��?n�{§·��Ñ|
⋂t
k=1 Sik |§·��ÄSik�¹Â§=pi =

i�ü�ê8§
éz��k§Ñ(½
ü�¥�� ��ê§¤±�kt� �

�ê�(½
§
Ù¦ �´vk���§¤±éA��YÒ´(n− t)!"
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?�Ú�±íÑ§��·�qÞ�{Si}�f8�����§§�é�Y�
�z�´������Ý�n�� ü�ê´Dn§@o·�kµ

Dn = n!−
n∑
t=1

(−1)t−1
∑

i1<i2<···<it

(n− t)!

= n! +
n∑
t=1

(−1)tCt
n(n− t)!

= n! +
n∑
t=1

(−1)t
n!

t!

= n!
n∑
t=0

(−1)t

t!

dd·�uy§^N½�n)û¯K��mE,ÝØ�½´�ê?§·�

�±é�
é�Y�z����¹?1Ü¿§ù�EU�Ñp���{"

,	§� ü�êDn�k4í��{§k,��ÓÆ�±,1&Ä"

2.3 ~K)Û

e¡ÏL�
~K§w�wN½�n3&EÆ¥�A^"

2.3.1 HAOI2008M1	Ô

¯K2.3.1. k4«¡��M1§1i«M1�¡�´ci"kngÎ¯§z�Î¯

¥1i«M1�ê8´di§±9��	Ô±s§£�G±�{�ê8"êâ5

�n ≤ 103, s ≤ 105"

ùKÐ�w´��²;�õ­��¯K§�´²L©Û§·�uyügÄ

�5y��ÐE,Ý´O(4s)§éuõgÎ¯��Ã{«É"

�´ùK������¯Kk��²w�ØÓµM1£=ØÓ�Ô¬¤�

k4«"
�§ezg	ÔvkM1ê8���§�±^��Ä�5yý?n

�O(1)£�z|Î¯"

�Ä�gÎ¯§1i«M1¦^�ê8´xi§@oI�÷vc1x1 + c2x2 +

c3x3 + c4x4 = s§�xi ≤ di"·�uy§ù��c�Ø½�§�K�ê)Oê�

~aq§�ØLz�Cþck��Xê"
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Ó�·�^N½�n5?nù�¯K§SiL«÷vxi ≤ di�)�ê8§SiL

«÷vxi ≥ di + 1 �)�ê8§�ÄeZSi��8§=�
M1¦^êke�§

·�Ó��±ls¥~�e.Ú§¯KC¤
éu��s′§eM1¦^ê8Ã

��§kõ�«ØÓ�G±�ª"
ù´��²;�Ã���¯K§�±ý?

n"

¤±éz|Î¯?1N½§����s�m§@oo��mE,ÝÒ

´O(4m+ n · 24)"

�Ä·��)KL§§·�Äkuy¯K�²;�{�mE,ÝLp§�

´·�84
K8�AÏ5§ÏL�Ñ¯K�êÆ/ª§ÏLé�§A^N½

�nr¯K
©§~�
ÛÜ¯K���ê§�ª)û
¯K"

2.3.2 �MKiZ

¯K2.3.2. AliceÚBob3
iZ"¦�k��n�:�Ã���ã§�¤k�

>|¤
8ÜE§u´¦���HE�¤k��f8§é,�8ÜSk���

df(S)§ù��d´ù�O��µ�Än�:�S¥�>|¤�ã§·�^m«

ôÚé¤k:/Ú§Ù¥Ó��éÏ¬�:7L/¤�«ôÚ§@of(S)�u

ù�ã�/Ú�Yê"Ó�§AliceU�Ûê§¤±�|S|�Ûê�§Alice�©

�\þf(S)§ÄKBob�©�\þf(S)"¦��Alice�©�~�Bob�©���

�109 + 7�(J"êâ5�n,m ≤ 106"

w,·�Ã{qÞE�¤k��f8¶,��¡§éu�Ó�|S|§éÏ¬
ê8�Ø¦�Ó"·�q�éØ���â»�"ù«�¹e§·�ÒAT�Ñ

¯K�êÆ/ª§2?1©Û"

Äk§��¯¢´§/Ó�éÏ¬7L/�Ó�ôÚ0�/k>���ë

�ü:7L/�Ó�ôÚ0´�d�"u´·��±éz�:���Cþ§

^xiL«1i�:�ôÚ§xi´[1,m]¥��ê§@o�^Ã�>(i, j)ÒL«��

�ªxi = xj"·��ÄAlice��©scoreAÚBob��©scoreB§-F (C)L«3

2013c&EÆc���¥II[èÿÀè
Ø© 126



f!N½�n ¤ÑÔ¥ �&

�¹Ce�/Úê§^[C]L«���¹C§K

scoreA =
∑

∅6=S⊆E,|S|´Ûê

F

 ⋂
(i,j)∈S

[xi = xj]


scoreB =

∑
∅6=S⊆E,|S|´óê

F

 ⋂
(i,j)∈S

[xi = xj]


y3�Äans = scoreA− scoreB§=|S|�Ûê��z��§|S|�óê´�z�
K§N´��\��−1��òªfÚ�µ

ans =
∑
∅6=S⊆E

(−1)|S|−1F

 ⋂
(i,j)∈S

[xi = xj]


·�r[xi = xj]ù

n(n+1)
2
��¹^Pi�O§-t = n(n+1)

2
§KPi�i�����

´1 ≤ i ≤ t"-Q = Pi§@o2�Äþªµ

ans =
∑
∅6=S⊆Q

(−1)|S|−1F

(⋂
Pi∈S

Pi

)
=

∑
i

F (Pi)−
∑
i<j

F (Pi ∩ Pj) + · · ·+ (−1)t−1F (P1 ∩ P2 ∩ · · · ∩ Pt)

5¿�ù�/ª�N½�n4Ù�q�·��±�âN½�n§_�©ÛÑþ

ªm>¤¦��¹Â§=

ans = F

(
t⋃
i=1

Pi

)

�Äþªm>�¹Â§=������kkküüü���:::ôôôÚÚÚ���ÓÓÓ�/Úê�@oT¯K¥�8

´:�/Ú�Y8Ü§ÏLÖ8=z§·�Ò�I�¦:::üüüüüüôôôÚÚÚØØØÓÓÓ�/Ú

ê�
ù��O��{´w,�§�Y´
∏n

i=1 (m− i+ 1)"¤±�¯K�YÒ

´mn −
∏n

i=1(m− i+ 1)"

[%�ÓÆATuy
§þ¡�ªf¥�3��¼êF§§é���¹§

=�
^���½Â§Ù¢·��Ä÷vPi�/Ú�Y�¤8ÜSi§@oÙ

¢F (
⋂
Pi) = |

⋂
Si|§ù�ÒÚ�c�N½�n/ª��
"

£�·��)KL§§·�Äk���Ñ
�Y�êÆ/ª§r�
©i

^�=z�êÆ^�§2?1�
��!�\§����'ueZ^���8
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�ªf§�ª��N½�n�/ª§___���©©©ÛÛÛÑ¯K���§éÑ�{¿)û

¯K"XJ`�5�N½�nÑ´ÏLXúÛÜ§�Ü�Y§3,«¿Âþ?

1
/�©0§@où�K8¥·�Ò´^��N©Û��{§é�Y���

P��ªf?1
/È©0§����{'��Y"ùü���ÑNy
&E

Æ¥�===zzzg�"

3 N½�n�í2

3.1 êØ¥�N½�n

·��Ä��²;�¯Kµ�����ên§¦1�n¥�np��ê��

êϕ(n)"

¯¢þ·��¦�´|{x|1 ≤ x ≤ n, gcd(x, n) = 1}|§Ù¥gcd(a, b)L

«aÚb���ú�ê"5¿�ù�´��é,�8ÜOê�¯K§�´gcd(x, n) =

1ù����/�0§Ï�gcdù�¼ê���/E,0§¤±§·�AT��l

��ú�ê�5�§�rgcd(x, n) = 1ù���
¤eZ�����"

·��Äü�êaÚb��Ïê©)§ea = pa11 p
a2
2 · · · p

ak
k §b = pb11 p

b2
2 · · · p

bk
k §

@o·�kgcd(a, b) = p
min(a1,b1)
1 p

min(a2,b2)
2 · · · pmin(ak,bk)

k §Ù¥min(x, y)L«x

Úy¥����"

5¿�§eü�êaÚb���ú�ê´1§@o§��Ïê©)¥�½vk

�Ó��ê§
ù´��¿�^��¤±§en�ØÓ��Ïfkp1, p2, · · · , pk�k�§
@o·�I�ÚO�xÒ�Ó�÷vk�^�§=éu1 ≤ i ≤ k§ÑkxØ´pi�

�ê"

y3·��±r·��(Ø�¤êÆ�/ª"�PiL«xØ´pi��êù�

5�§SiL«1�n¥÷vPi�ê|¤�8Ü§@oùp��8UÒ´1�n��

ê8Ü§·�I�¦�Ò´µ

|{x|1 ≤ x ≤ n, gcd(i, n) = 1}| =

∣∣∣∣∣
k⋂
i=1

Si

∣∣∣∣∣
= |U | −

∣∣∣∣∣
k⋃
i=1

Si

∣∣∣∣∣
= n−

∣∣∣∣∣
k⋃
i=1

Si

∣∣∣∣∣
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ùÒ´��N½�n�ªf�

2�Ä∩iSi�¹Â§§L«�´éu�
�ê§·�ÚO[1, n]þkõ��

êÓ�´ù
ê��ê"ù��ÚO�{�~{üµ��ê�È�m§@o�

YÒ´ n
m
"

¤±·��±�Ñ·�¤¦�Y�L�ªµ

|{x|1 ≤ x ≤ n, gcd(i, n) = 1}| = n−
∑
i

n

pi
+
∑
i<j

n

pipj
− · · ·+ (−1)k

n

p1p2 · · · pk

= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(

1− 1

pk

)
= n

k∏
i=1

(
1− 1

pi

)
ùÙ¢Ò´Í¶�î.úª"

lù�~f�±uy§·�N½��Ä�´���ê�8Ü§
·��H

ù�8Ü�f8�§����ê�¦È¥¤k�Ïf�gêÑ´1§·�¡ù�

�ê�ÃÃÃ²²²���ÏÏÏfffêêê"2w1�n¥z�n��êé�Y��z§w,�k1ÚÃ

²�Ïfêk�z§
�Ã²�Ïfê¤��z��K��Ïf��êk'"

½Â��¼êµ(n)§§½Â3��ê8Üþ§�

µ(n) =


1 n = 1

(−1)k n = p1p2 · · · pk
0 otherwise

ùÙ¢Ò´Í¶�###'''¿¿¿ddd¼¼¼êêê"·�2­#�Ä�c�¯K§N½L§¥�

L�ª�±�¤ϕ(n) =
∑

d|n µ(d)n
d
"

êØ¥�éõOê¯KÑ�±^aq��{)ûµ�	/���0=�ê§

O�/Ü©0=z��êé�Y��z§|^#'¿d¼ê?1N½"3êØ

¥§�k�«�{�###'''¿¿¿ddd���üüü§k,��ÓÆ�±,1&Ä"

3.2 VÇØ¥�N½�n

3VÇØ¥§éu��VÇ�mS�n�¯�A1, A2, · · · , An§��3X�
�N½�nµ

P

(
n⋃
i=1

Ai

)
=
∑
i=1

P(Ai)−
∑
i<j

P(Ai ∩ Aj) + · · ·+ (−1)n−1P(A1 ∩ A2 ∩ · · · ∩ An)
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e¯���8u)�VÇ�Ú¯��êþk'§��k�¯���8�VÇ

�ak§@o�±^|Üê{zµ

P

(
n⋃
i=1

Ai

)
=

n∑
k=1

(−1)k−1Ck
nak

N½�n3VÇØ¥�¢SA^'���§)ö�vk^N½�n)ûV

Ç¯K�²�"ù�+�EI���Ú�&Ä"

4 N½�n���z

4.1 ý��£

dc¡��§N½�n·^ué8Ü�Oê¯K§Ù¢§éuü�'u8

Ü�¼êf(S)Úg(S)§e

f(S) =
∑
T⊆S

g(T )

@oÒk

g(S) =
∑
T⊆S

(−1)|S|−|T |f(T )

ù´���\���/ª§
�éu�c?ØL�A«�/e�N½�n

ÑUé�f(S)Úg(S)¼ê?1éA§Ù¥SL«�´n�5��8Ü"dué�

�f(S)Úg(S)/ªéE,§3dÑL§k,��ÓÆ�±ë��Äz�/N½

�n0c^"

,	§þ¡�ªf��±�\C/�¤ù�µ

f(S) =
∑
T⊇S

g(T )

g(S) =
∑
T⊇S

(−1)|S|−|T |f(T )

Ù¢�^r�cªf¥SÚTO�¤'u�8�Ö8§⊆ÒÒ�¤⊇
"
e¡·�ÏL��~f5a��e"
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4.2 ~KµkIÒDAGOê

¯K4.2.1. �Ñn§én�:�kIÒk�Ã�ã?1Oê§ÑÑ�Y�109+7�

�"êâ5�n ≤ 5× 103"

ù´�aã�Oê�¯K"·��ÄÄ�5y§Ï�k�Ã�ã¥k�a

AÏ�:§=0\Ý�:§¤±Pdp(i, j)L«i�:�k�Ã�ã§Ù¥Tkj�

:�\Ý�0§��Y§@o·��Ä�Kùj�:�§�kk�:\Ý�0§�

Ñ=£

dp(i, j) = Cj
i

i−j∑
k=1

(2j − 1)k2j(i−j−k)dp(i− j, k)

Cj
iL«li�:¥ÀÑj�:�À{§
�Kj�:��k�0\Ý:�ùj�:m

��k1^>=(2j − 1)k§,�ùj�:��± Ø
ùj + k�:�	�:�¿

ë>=2j(i−j−k)"ù��{�mE,ÝO(n3)"

5¿·�3½ÂG��§´/0\Ý:TÐ�k0§Ï���Lî§��·�

I��Ä�éõ"��~���{´§3G�½Â¥ò/TÐ0U¤/Ø�u0

±�°��"�3ù�¯K¥§li�:ÀØ�uj�0Ýê:§À{éõ§=£

�­EO���¹éE,§·��±�ÄòùØ�uj��:AÏz§=

·�Pf(n, S)L«n�:§�kS¥�:�\Ý�0¶aq/½Âg(n, S)L

«n�:§��S¥�:�\Ý�0"�±uyg(n, S)�=£'�{üµ

g(n, S) = 2|S|(n−|S|)g(n− |S|, ∅) (17)

,��¡§·�2�Äf(n, S)Úg(n, S)�'X§ù�'�{üµ

g(n, S) =
∑
T⊇S

f(n, T ) (18)

5¿ªf(18)��cJ����z�N½�n�q§Ø�ò�A^µ

f(n, S) =
∑
T⊇S

(−1)|S|−|T |g(n, T ) (19)


·��8�´¦g(n, ∅)§k¦^ªf(18)?1í�µ

g(n, ∅) =
∑
∅6=T

f(n, T )

=
n∑

m=1

∑
|T |=m

f(n, T )
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2�\·�^N½�níÑ�ªf(19)µ

g(n, ∅) =
n∑

m=1

∑
|T |=m

∑
S⊇T

(−1)|T |−|S|g(n, S)

=
n∑

m=1

∑
|T |=m

∑
S⊇T

(−1)|T |−|S|2|S|(n−|S|)g(n− |S|, ∅)

=
n∑

m=1

∑
|T |=m

n∑
k=m

Ck−m
n−m(−1)k−m2k(n−k)g(n− k, ∅)

=
n∑

m=1

Cm
n

n∑
k=m

Ck−m
n−m(−1)k−m2k(n−k)g(n− k, ∅)

|^�
|Üê�5��±UY?1z{"ùp���Ñ���z{(Jµ

g(n, ∅) =
n∑
k=1

(−1)k−1Ck
n2k(n−k)g(n− k, ∅)

5¿�d�·�O�g(n, ∅)��mE,Ýü�
O(n2)§N½�n3¥må�


Þv�­��^"

£�·��)KL§§Äk·�3½ÂG���°
G����§ù��

±@�#�G�´�cG�,«¿Âe�/cMÚ0§�Ñ�ª�^N½�n

��,��ªf§,��Ü·�Ã¥��ªí��Y�L�ª§����E,

Ý�$��{"

5 o(

N½�n´|ÜêÆ¥��­��½n§3)û¯K��ÿ§·�Q�±

¦^/�l{0§ò¤I¦�)�÷v�^�
©§�°��§)ûeZ{ü

�f¯K§2�Ü�Y¶��±¦^/�N{0§é¤¦�ªf?1�Na�§

_�/Ü¿^�§éÑ¯K���"ùpNy
===zzz�g�§�,3g�L§

¥�I��
êÆõ."

N½�nÓ�¿Ø´==A^u|ÜOê§�\C/�Ò�±)û�
ê

Ø½VÇØ�¯K§Ùg�´���"
��·�ÏL�
]���
N½�

n�����/ª§§·^u½Â38Üþ�¼ê§ù¦�N½�n�\Ä

�§�4·�m,
g´§=3�
�¹e§·�^8Ü�/ª£ã·���

2013c&EÆc���¥II[èÿÀè
Ø© 132



f!N½�n ¤ÑÔ¥ �&

{§|^N½�n��,	��ª§ù��uO\
®�þ§¦�¯K�N´

\Ã"

3ïÄL§¥§·l)ûOê¯K¥N¬�
�
&EÆ¥�g��{µ

=z!AÏz£�°��¤!_�©Û§m,
ú.¶Ó�§3��N½�n�

']��L§¥§¿£�
²�ÆS��«�{§Ù��½NEkUYïÄ�

�m§¤±·�AØä¦�§òÆS���£kÅ�Ü§¿g�§����§

N¬ØÓ��{�¡�g�§/¤gC��£�ä§OrgC�g�Uå"

ë�©z

1. http://en.wikipedia.org/ �Äz�

2. http://www.math.ust.hk/∼mabfchen/Math232/Inclusion-Exclusion.pdf

3. �r³§5Graphical Enumeration6

a�

• a�I1é·���

• a�·��ö¤ÑÔ¥�Ü��P�§±9Ù¦¤k��·|±�P�

• a�Û�¶!o'�!¨Ê��ÓÆ��Ï

• a�CCF�·��Ð«gC�Å¬
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