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Á �

�X&EÆ¿mSN�Øä¿¢, �9VÇ�¯KØäZ\. äk�½Y²

�ÀÃÑä�
���)ûVÇ¯K�Uå, �´��Î¯å){��î��y

², éõÀÃÒåÃÃü
.

�©�é�ög�ÆSÐ�VÇØL§¥�N¬, ±9ÚÙ¦ÀÃ�6�u

y�VÇØJ:?1­:©Û, SN�)VÇØ�Ä�Vg!�ÅCþ�Ï"!

VÇ=£�äþ��'¯K!MarkovØ�ª±9ChebyshevØ�ª�, lnØÚ

¢�ü�;�éX��¡�ÏÖön�VÇØ�óä, �zé�9VÇØ�){

�n).

1 VÇ

1.1 �o´VÇ

XJÖöc[�Lù�¯K, �U¬uyù�¯KØ�Ð£�. �*�`,

VÇ��¯�u)��U5Ò�, ÏdVÇÒ´é¯�u)��U5�Ýþ.

VÇØ�únzNX¬�9éõÿÝØ�SN, k,��ÖöØ�����

'Ö7. du�©�´l&EÆ¿m��Ý�?ØVÇØ,   ¿Ø�9�
'

�ÛÉ�8Ü('X�ê�8Ü�¿�a), �Ø�9,
ëY��Å¯K, ¤±

3&EÆ¿m¥^��VÇnØ�±��{z. ØL, 3d�´ïÆ�[3sa

��ïÄ�eVÇØ�únzNX, �&¬é\éVÇØ�n)ké��Ï.

1.2 VÇ�m

¿m¥^��Ð�VÇØkn�­�¤©, =���mΩ, ¯�8ÜFÚV

ÇÿÝP . ·�~`�¯�, Ù¢´Ω�,�f8(�Öö��OPù�:). 3¿
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m¥,   �±@�Ω�z�f8Ñ´��¯�(�3�Ñ¿m�,
+�, ù�

�´k¯K�), ¤k¯��8ÜP�F (5¿ùp´8Ü�8Ü). VÇÿÝP , ´

¯�8Ü�¢ê���¼ê. �,, ¿Ø´¤k�VÇÿÝÑ´Ün�. ��Ü

n�VÇÿÝ, I�÷v±e3^VÇún:

(1) éu?¿�¯�A, kP (A) ≥ 0(�K5).

(2) P (Ω) = 1(5�5).

(3) éu¯�AÚB, XJA ∩B = Φ, kP (A ∪B) = P (A) + P (B)(�\5).

·�¡ÎÜ�¦�n�|(Ω, F, P )�VÇ�m. Þ~5`, �Å���þ!

��f, �ÄÙ�þ�¡, ·�k���mΩ = {1, 2, 3, 4, 5, 6}, “ Ûê�þ”�¯

�´{1, 3, 5}, ¯�8ÜF�Ω��8(¤kf8�8Ü), VÇÿÝP (A) = |A|
6

, ²

L�y, ù´��Ün�VÇ�m.

�&ù�Vg�[Ñ'�ÙG, ¿��ú�´n¤�,�. 3d�Ñ�´�

Ä�Ü©Öö�Uw��¡�SN�¬éVÇ�Ä:a�(J.

1.3 ^�VÇ

^�VÇ3OI¥Ù¢´�~~^�Vg, �´�Ø�%Ò¬���Ø. �)

ºù�Vg¿ØJ, ·�5w��~f: α�Æ�Æ)¥k99%´I), β�ÆK

k99%´å). b�ü�Æ��<ê��õ, ·�3ü¤Æ�¥�Å�ÀÑ��

Æ), ¦(¨)�5O´I5�VÇkõ�?

ù�¯Kw,´�;V.�¯K, ØJ�ÑI)3¤kÆ)¥Ó50%, ¤±

ÀÑI)�VÇ�,´50%.

XJ·��ÀÑ�Æ)?1�!±���¦(¨)´α�Æ�, @où�VÇ

w,C¤99%
. dd��, �·���
�õ�&E±�, ¯��VÇ´¬U

C�.

P®�¯�Bu)��¹e, ¯�Au)�(^�)VÇ´P (A|B). �ÀÑ�

<´α�Æ�Æ)ù�¯��U1, β�Æ�U2, ÀÑ�Æ)´I)�¯��S1, å

)�S2. 3þ¡�ù�~f¥, ·��±��P (S1|U1) = 99%.

5¿, éõÐÆö3n)ù�¯K��ÿ, o´k��“k�5”�X£, @

�¯�B�½ku¯�Au). ù3,
�¹e´Øþ�, ¯��´���m�
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,�f8, ¿vk�mù�á5, �~¥ÀJÆ)´�g5�¤�. �,3,


�¹eü�¯��m(¢k�Uk²w��mk�'X, XES±��ÁÏL�

VÇÚØES�ÁÏL�VÇ²w´Ø���.

O�^�VÇ�úªXe:

P (A|B) =
P (AB)

P (B)

3ïÄVÇ¯K�,·�~~rA∩B�¤AB,½ö“A,B”. ¤±, P (A∩B),

P (AB), P (A,B)¹Â´���.

Ù¢3�Ä^�VÇ��ÿ, ·�´r¯�Bw�
#����m, du¯

�Ú���mÑ´8Ü(O#
Ó����m���´��¯�), ù��´vk

¯K�. #�VÇÿÝ  �¡�^�VÇ, ^�VÇúª¢�þ�«
ü��

��mþ�VÇÿÝ�'X.

1.4 �VÇúª

�VÇúª3VÇ¯K¥kXÞv�­��^, �´éõÀÃvk�\n)

§�¹Â. XJB1, B2, B3, ..., Bn´VÇ�m���y©, @ok:

P (A) =
∑
k

P (A|Bk)P (Bk)

ù�úª´^©a?Ø�{ïÄVÇ¯K��Ä:, A�¤k�VÇ¯K

Ñ�9ù�úª. fâ·�3�ÑI)3¤kÆ)¥Ó50% ù�(Ø��ÿ,

¢Sþ®²^�
�VÇúª
: P (S1) = P (S1|U1)P (U1) + P (S1|U2)P (U2) =

99%× 50% + 1%× 50% = 50%

1.5 Bayesúª

�Ä�ªP (A|B)P (B) = P (AB) = P (B|A)P (A), �Ñ¥m��, òü>Ó

�Ø±P (B), ��“Bayesúª”:

P (A|B) =
P (B|A)P (A)

P (B)

Túª3O�_�VÇ�¯Kþ�~k^.
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duÏ~®��  ´�X��^�VÇP (B|Ak), Ù¥A1, A2, ..., An´�

��m���y©, ù«�¹e�¬òþªÚ�VÇúªéÜå5, ��:

P (Ak|B) =
P (B|Ak)P (Ak)∑
j P (B|Aj)P (Aj)

25wwþ¡ù��@�~f, y3¯KC¤:®�À��ÓÆ´I), \U

Ä¦Ñ¦´α�ÆÆ)�VÇ?

y3�¦�¢Sþ´P (U1|S1)|^Bayesúª, �±¦�:

P (U1|S1) =
P (S1|U1)P (U1)

P (S1|U1)P (U1) + P (S1|U2)P (U2)
=

99%× 50%

99%× 50% + 1%× 50%
= 99%

2 �ÅCþ�Ï"

Ï"´VÇK¥q�~Ñy�Vg, §´�ÅCþ���­�á5, 
ù�

:~~�ÀÃ¤�Ñ, ��Ï"¤
"y�ÅCþù�Ä:��¥¢�. �n)

Ï"�.´�o, 7Lk
)�ÅCþ.

2.1 �ÅCþ�½Â

�ÅCþ(random variable)´��k��c, Ï�§Ù¢¿Ø´�Å5�5


(�Å55g���m), �Ø´Cþ, 
´½Â3���mΩ þ�(½�¢�

¼ê. ØLéõ�¹e, ·�  ¬�ï���m
����Ä�ÅCþ�á

5('X`Ï"), ±�uéõÀÃ���Ï"�Vg, 
tØ��ÅCþ�.´

�o. 3ùp, k7���ÅCþe���ß�½Â:

¼êX : Ω→ R�¡����ÅCþ.

3�õê�¹e, k
�ÅCþ±�Ò�±�ïé�����m�'5, 


´8¥5¿uéuz�¢�(5¿, �©��ÄlÑ��¹), �ÅCþU
��

T��VÇ. ù�L§¢Sþ´ò���m­#y©���L§, ò3ù�¼ê

e��Ó�¢ê�����m¥���Ü¿
. �,, Öö�c3n)�ÅCþ

��ÿ, é�UÒ´��lÙ�z���VÇ\Ã�.

2.2 �ÅCþ�Ï"

Ï"(expectation)´é�ÅCþLyÑ�²þ�¹���«�x, �´3¿

m¥�ª�Ñy�Vg. éõÀÃ´3øl�ÅCþ��¹eÆSù�Vg�,
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ù��´Ø���. éu���ÅCþ, ½ÂÙÏ"Xe:

E[X] =
∑
ω

P (ω)X(ω) =
∑
x

xP (X = x)

ùp, X = xL«�´��¯�, �du8Ü{ω|ω ∈ Ω, X(ω) = x}. c��ªf
´lÑ\(���m)��Ý\Ã�½Â, ���ªfK´lØÓ�ÑÑ\Ã, ò

���m?1
y©(òÑÑ�Ó�Ñ\w¤���N), =òØÓ�ÑÑ�UV

Ç\��¦Ú.

duéu���m�,
��, �ÅCþ�ÑÑ�é�U´�Ó�, k�·

�Ò�±Øl���m��Ý��Ä�ÅCþ, 
´���Ä“�ÅCþ�,�

A½��”ù�¯�. ØLE,I�5¿�´, ���mÚVÇÿÝ´�ÅCþ

�Ä�, XJuy¯KlÏ"ù�p�Ã{)û, ·�ÒI�l.�\Ã
. �

¡�A��9Ï"�5��y²Ò´lVÇ�m\Ã�, vkVÇ�m·��v

k�{y²ü��ÅCþ�Õá5.

2.3 �ÅCþ�Õá5�¦È�Ï"

�ÅCþ�Õá5´ü��Å¯�3ÙÑÑ�¡þ�á5. éuü��

Å¯�X1, X2Ú¢êx1 ∈ X1(Ω), x2 ∈ X2(Ω) XJkP (X1 = x1, X2 = x2) =

P (X1 = x1)P (X2 = x2) Ò¡X1, X2 �pÕá.

ü�Õá��ÅCþ�­�5�´:ÙÈ�Ï"�uÏ"�È, y²Xe:
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E[X1X2] =
∑

x∈(X1X2)(Ω)

xP (X1X2 = x)

=
∑

x∈(X1X2)(Ω)

xP (X1 = x1)P (X2 = x2)

=
∑

x∈(X1X2)(Ω)

∑
x1∈X1(Ω)

xP (X1 = x1)P (X2 =
x

x1

)

=
∑

x∈(X1X2)(Ω)

∑
x1∈X1(Ω)

x1
x

x1

P (X1 = x1)P (X2 =
x

x1

)

=
∑

x1∈X1(Ω)

x1P (X1 = x1)
∑

x∈(X1X2)(Ω)

x

x1

P (X2 =
x

x1

)

=
∑

x1∈X1(Ω)

x1P (X1 = x1)
∑

x2∈X2(Ω)

x2P (X2 = x2)

= E[X1]E[X2]

2.4 Ï"��55�

�55(�\5)´Ï"�5�¥­����. Ø+ü��ÅCþX1ÚX2´

ÄÕá, ok:

E[αX1 + βX2] = αE[X1] + βE[X2]

ù�5�3¿m¥�A^~~Ly�ò��“�”��ÅCþ©¤“ �”��

ÅCþ�Ú, @o“�”��ÅCþ�Ï"Ò´z�“�”��ÅCþ�Ï"�Ú.

2.5 A^:Maze(Adapted from Codeforces 123E)

2.5.1 ¯K£ã

�½��ä, l�!:SÑu, ��f!:T:Ê�, ¦DFS�{�Ï"Úê.

zgDFSòl�c:Ñu���L�:“RandomShuffle” ±�Uù��Å^S

 eÁ&. 5¿, DFS��£(�Ò)�L§���Ú.

2.5.2 )�

���9Ï"�1�K, ·�k7�r�
[!t�Ù. k²²(���

mΩ´lSÑu, Tª��¤k´»�8Ü. �ÅCþX�^uΩþ, L«z^´»
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��Ý. VÇÿÝP�Ω�,�f8�R �¼êP (A) =
∑

ω∈A P (ω). ùpP (ω)´

rÑ´»ω�VÇ, �±O�Ñ5, ��±;mO�ù�VÇ.

·��¦�´E[X]. ØJuyqÞz^´»3êâ5����½§Ý�

�ÿ´Ø�1�, 7L,8¿». �E�
“ �”�ÅCþXe, Ù¥e´ä�,^

>, Xe(ω)L«´»ω ¥, ²L>e�gê(5£Ñ�). �Ä�éu∀ω ∈ Ω, X[ω] =∑
eXe(ω), {P�X =

∑
eXe |^“ Ï"��55�”, kE[X] =

∑
eE[Xe]. ù

�, ¯KÒ=z¤
¦E[Xe]

·�¡S�T�´»�Ì´», ò>©¤2a, �a´37²´»þ�, �a´

Ø37²´»þ�. k�Ä7²´»þ�>. ùa>rL�gê�½´1. ��¡

du>37²´»þ, XJØrù^>ÒÃ{��T ; ,��¡��rLù^>,

Ò�½¬3��rù^>�c��ª:, ¤±ù^>7L��Ur�g. 3�

ÄØ37²´»þ�>e, ùa>kü«�¹, �«´vkr�, ,�«´5£r


2g. �
¦ÑÏ"r�gê, ·�7L¦Ñr0gÚr2g�VÇ. �Ä7²´

»þÚù^>�C�:u, b�ù^>?u±:u��fv���fä¥, 
ª:

?u±:u��fw���fä¥. uØ�uw, ÄKuØ´7²´»¥le�C�

:. ù�·�uy, e�.r
0g�´2g���ûuu Ñu±�´kr
v �´

kr
w. XJkr
v, @o±v���fä¥z^>Ñr
2g; XJkr
w,

´»��Ø�U?\fäv. 
3���Å�ü�¥, ����ü3,����

c¡�VÇ´1
2
, ¤±ù^>r
0gÚ2 g�VÇÑ´1

2
(5¿d�·�Ù¢´3

�ÅCþ�ÑÑ�¡þ�Ä¯K). u´, erL�Ï"gêÒ´1.

nþ, z^>rL�Ï"gêÑ´1. u´��é Û�(Ø´, Ø+ä�/

G´XÛ�, ·�rL�Ï">êÑ´n− 1.

2.6 �Ï"úª

Äk5�Ä��aqu^�VÇ�¯K:XJ�½
�õ�&E, X¯�A�

½u), ���mΩþ��ÅCþX¬ÑyÛ«Cz?

XJòù�É�å��ÅCþP�X|A, @oéu∀x ∈ X(Ω), ·�k:

P ((X|A) = x) =
P (X = x,A)

P (A)

ùÒ´Ωþ��ÅCþX3#����mAþ, /¤�#��ÅCþX|A��Ü
&E.
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éu�ÅCþX, Y , ��4<k:¹ØXÞM�úª´

E[E[X|Y ]] = E[X]

�âþ¡�©Û, X|Y = y´3���mY = yþ¡����ÅCþ, u

´E[X|Y = y]´��(½�ê�. XJØ²(�½Y���, KE[X|Y ]´��

#��ÅCþ, ÙÏ"L«3Y ��«A½ÑÑy�cJe, E[X|Y = y]U

ìP (Y = y)\��Ú.

ù�úª�¿Âaqu�VÇúª, ¦�·��±éÏ"¯K?1©a?

Ø. �VÇúª�´ù�úª�Ä:, e¡�í�¥1(5)�1(6) ÚÒ^�
�

VÇúª.

�
Bun)ù�úª, y²Xe:

E[X|Y ] =
∑

y∈Y (Ω)

E[X|Y = y]P (Y = y) (3)

=
∑

y∈Y (Ω)

∑
x∈X(Ω)

xP (X = x|Y = y)P (Y = y) (4)

=
∑

y∈Y (Ω)

∑
x∈X(Ω)

xP (X = x, Y = y) (5)

=
∑

x∈X(Ω)

x
∑

y∈Y (Ω)

P (X = x, Y = y) (6)

=
∑

x∈X(Ω)

x
∑

y∈Y (Ω)

P (X = x|Y = y)P (Y = y) (7)

=
∑

x∈X(Ω)

xP (X = x) (8)

= E[X] (9)

Þ�y¢¥�~f:3�c?�Æ)(���mΩ)¥�VÇ(VÇÿÝP (A) =
|A|
|Ω|)?À�<, Î¯Ùþg�Á�¤1X(�ÅCþ), ¦E[X]. 1�«�{´��

Î¯z�ÓÆ�¤1,��Ñ²þê��E[X]. 1�«�{´�¦z��Ì?

�Ñ���ÓÆ�²þ¤1, ,�2UìÀ��ÓÆáuz���VÇ(=T�

<êØ±c?o<ê)\�¦Ú.

1�«�{Ù¢´�E
��#��ÅCþY , Y (ω)L«�´ω¤3��?

?Ò. ù«�{�Ñ5�Ò´E[E[X|Y ]]. w,ü«�{¦Ñ5�Ï"´���,

ù�`²
�VÇúª��(5.
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Öö�U¬5¿�Ù¢ùp�Y��9�ä���ö�, Ù��Ø�½´¢

ê. 3�¡�~f¥¬2gJ�ù�:.

3 VÇ=£�äþ��'¯K

VÇ=£�ä´OI¥~����a¯K��., y35wwù��.¥�

�«¯KXÛ)û.

Äk�²x�o´VÇ=£�ä. VÇ=£�ä(±e{¡�ä)´��k�

�ä, d:8(G�8)V , =£VÇÝ
(����¼ê)G : V × V → [0, 1], ±9

å:v0|¤. Ù¥, éuz�u ∈ V , k
∑

v G[u, v] ≤ 1.

k
êÆþ�½Â, 25wwù��.�¢S¿Â. ��£Ä��:, �

m©(��0) uv0. éuz���mã, XJ�: uº:u, @oéu?

¿v ∈ Vù�:kG[u, v]�VÇ=£�v, �k1 −
∑

v G[u, v]�VÇ¬��(½ö

n)�£Ä�
��J��:).

ÙGMarkovó�ÓÆ�U¬ú�ù��.ÚMarkovó�~�q, ØL�Ä

�OI¥�U���¯Ka., �öòMarkovó?1
�
N�. ù��.äk

ér�Ê·5.

e¡5wü�~K.

3.1 ~K:Museum(Codeforces 113D)

PetyaÚVasya3?1�gÀ1, ¦�û½�ë*��ÆÔ,. ù�ÆÔ,

dm^rIë��nm�m, ¿�÷v�±l?Û�m�m�?Û�mO��m,

ü�<û½©Þ1Ä, �w�ga,��²â¬. ¦��½3eÌ8:��m�

m¬Ü. ,
¦�#P
��­��¯:¦�¿vkÀÐ3=�-¡. ��m�8

:, ¦�m©3ÆÔ,p�?Ï�5é�é�. ØL, ¦+¦��?Ï�, �¦�

�vkw�v
�²â¬, Ïd¦�z�<æ�Xe�1Ä�{:z�©¨�û

½ =pr, kpi �VÇ3ù©¨SØ�Ù¦/�(=�3�mØÄ), k1− pi�
VÇ¦¬3����m¥��U�ÀJ�m¿÷XrIL�. ùp�i��´�

c¤3�m�SÒ. z^rI¬ë�ü�ØÓ��m, ¿�?¿ü��m�õ�

�^rIë�.
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ü�I¯Ó�1Ä. durIéV, ü<Ø�U3rI-¡, ØL¦��±

lrI�ü���Ï1. d	, ü�I¯�±Ó�/BLÓ�^rI%Ø¬��.

ü�I¯Uìþã�{1Ä��¦�-¡��. �?�Ú/`, �ü�<3,�

��ÀJc Ó�m�m, @o¦�Ò¬3@��m��.

ü�I¯y3©O?3a, bü��m, ¦ü<3zm�m���VÇ. (n ≤
22)

3.1.1 ï�

·�}Áòù�¯K=z�þ¡J��VÇ=£�ä. ØJuy, duü�

<Ô��3, ·�I�òG�8V½Â�V0 × V0, Ù¥V0�K8¥�9��m�

8Ü. ÏLK8¥�Ñ�^�, ·�ØJ¦Ñz�G�(ü�?Ö� �)=£�

,��G��VÇ, =Ý
G. Ó�, Ð©G�v0 = (a, b). du¯K�AÏ5, �

�2½ÂÊ�G�8ÜS = {(a, a)|a ∈ V0}. �e5kü«�{5)ûù�¯K.

3.1.2 ){�:S�{

XJòS¥�G��=£AÏ?n, òÙ=£VÇØ
=£�gC�1	Ù

{�Ü�0, ØJuy, ·��¦�Ù¢´²Lv
õÚ½�£Ä±�, �:¤3

� �(²Lv
��m, �:�½Ê33S¥). P�ä¥��t�, �:?uz

�:�VÇ�xt, Ù¥xtu ��:��t 3G�u �VÇ, ØJuy, kxt+1 = Gxt.

Ð©G�x0¥, �kx0
(a,b) �1, Ù{�Ü�0.

ù�, I�¦�)´x∞. ù��v{3k���m�S�Ñ5�, ØL�±

uy, �tv
��, xtÚx∞ Ù¢´�~�C�. ·��±|^¯��¦�Up

/�ÑG2K , ,�|^xt = Gtx0�Ñ����Ð�Cq).

éu�Ü©'�f�êâ, ù«�{�´�±�É�, �´��êâ'�r,

xtÂñ��ÝØn���ÿ, T�{ÒÃU�å
. Ïd, 7Lé���Ð�)

{.

3.1.3 ){�:)�5�§|

«Ou){�, ·�æ^,�«�{5?nS¥�G�, òÙ=£VÇ�Ü

��0, =��
S¥�G�±�e�Ú7,=£�“J�”. ù���8�´Bu
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��§.

e¡�Ä, á\J��c, �:Ê33z�:�gê�Ï"Eu, =z���

�: uù�:�VÇ�Ú
∑

t x
t
u(ùp¦^
Ï"��55�).

éuÉuv0�:u, ·�k:

Eu = x0
u+

∞∑
t=1

xtu = x0
u+

∞∑
t=1

∑
v

xt−1
v G[v, u] = x0

u+
∑
v

G[v, u]
∞∑
t=0

xtv = x0
u+
∑
v

G[v, u]Ev

w,, x0
v0

= 1, x0
u = 0, u 6= v0.

ù�·�Òïá
���§|, )�=�. duS¥�G��UÊ3�g, ¤

±�:Ê33ù
:�Ï"gêÒ�u�:���ÚÊ33ù�:�VÇ.

ù��{'þ��{r�Nõ, �±ÏL�Üêâ, �mE,ÝO(n6), Ø¬

��. �&Ø�ÀÃ��ù��{¿�U
�(¢y$�AC, �´²LN�, u

yÙ¢�Ü©ÀÃ¿vk�\n)ù��§¥���ê�¹Â.

3.2 ~K:r�û(SDOI 2012)

Morenan�(3
���ûp. �û�±À�N�:M^>�k�ã, Ù

¥Morenan?uå:S, �û�ª:��T . �J�´, Morenan �¬l��:Ñ

u�Å÷X�^lT:Ñu�k�>, ��,��:. ù�, Morenanr�Úê

�Ué�, ��U´Ã�, ��U�Ø
ª:, e�Ø
ª:, KÚêÀ�Ã¡�.

�\7L���{¦ÑMorenan¤rÚê�Ï"�.

3.2.1 ){

�¯KÚþã�.�©�C, ï�Ø�3J:. �5¿�´, ª:T�Ñ>A

T�Üí�. ù�K�){äk�½�E|. ·�^E[Xu]L«l:uÑu��ª

:TÏ"I�r�Úê. AO�, E[XT ] = 0.

u´, �úþ, ·�kE[Xu] =
∑

v G[u, v]E[Xv] + 1.

ù�úª�¢´��{ü, qÞe�Ú�@���r, ,�UVÇ\�2\

þr�ù�Ú�1�Úê.

�´, ù.¾�´�*þ���úª, �,§´�(�, �´·�7Ll

nØþ�y²§, ÄKù´ØU¦<&Ñ�. y²��ÿI�^��Ï"ú

ªE[Xu] = E[E[Xu|Yu]], Yu´���ÅCþ, L«luÑu±�1�Ú���!
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:(�X0��Ï"úª�J��, ùpI���*Ð�e�ÅCþ�Vg, ù�

�ÅCþ´Ω�V�N�). ØJuyE[Xu|Yu = v] = E[Xv], �\E[Xu]ÒU��

(J. ÖöØ�c[��eù�¯Kp¡����mÚVÇÿÝäN´�o.

k
n��ª, ·�Ò�±ÏL)�§)û�K.

4 ü�~^Ø�ª

4.1 MarkovØ�ª

éu�K�ÅCþXÚ�¢êa, ok±eØ�ª¤á:

P (X ≥ a) ≤ E[X]

a

ù�Ø�ª`²
�ÅCþLyÑ������VÇÚ§�Ï"�'X, 3

·�é���ÅCþ���ÙÏ"��ÿ�~¢^. 5¿, �õê�¹e�Ò´

�Ø��, 
��>¬��um>.

4.1.1 A^:é���CX�ÅOþ�{$1�m��O

��ù��{�ÓÆATÑ²xù��{�Ï"�mE,Ý´Θ(n)�. �

´, o´k
ÓÆ¬ú%, �,Ï"E,Ý´�5�, ,
�¹e�{�´¬ò

z¤²��, ����. ùp, ·�5|^MarkovØ�ª©Û�eù«�¹u)

�VÇ. ^�ÅCþXL«�{��1�m, k

P (X ≥ n2) ≤ E[x]

n2
=

1

n

�Ò´`, �{��mE,Ýòz¤Θ(n2)�VÇ´Θ( 1
n
)?O�. éun =

200, 000, 1
n

= 5× 10−6, ==´�oÑ��O, �{òz�VÇ®²�uz�<k

u�Ï¯��VÇ
! Øî��`, XJ\�´Ø�&ù��{�mE,Ý�­

½5, \ù�fÒOÑ�
. XJ2�ÄO�Ï�, òz�VÇ'þ¡�Ñ�ê

�  �¬�A�êþ?.

ù�~f`², XJ·��Ñ
�{�Ï"E,Ý,   ù��{u)òz

�VÇ´��Ù��, ¤±�[��,
$1�m¹k�ÅÏ���{(�Å¯

ü, Treap�)���%¦^.
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4.2 ChebyshevØ�ª

·�¡�ÅCþX���V ar[X]�E[(X − E[X])2], IO�σ�
√
V ar[X].

XJ·���
�ÅCþ���, Ò�±?�Úé�ÅCþ±�u,�ÌÝ

 £ÙÏ"�VÇ?1�O. éu�ÅCþXÚ�¢êa, k:

P (|X − E[X]| ≥ a) ≤ V ar[X]

a2

þª��±|^Cþ��a = cσ�¤:

P (|X − E[X]| ≥ cσ) ≤ 1

c2

þªL²3=��IO���¹e, �ÅCþ £ÙÏ"c�IO��VÇ

�u�u 1
c2

.

Ù¢, ù�Ø�ªl�*�Ý?�Ú�º
��, =“������ÅCþ

 lÙÏ"�ÌÝ��”.

5 o(

�©�9�Ð�VÇØ�SNÙ¢¿ØE,, �´éõÐÆöÆS��ÿ 

 nØ�óä, �ÀÙ¥�Ü6'X, @�éõ{ü�½ÂÃI5¿, ��³g

C�Ø4��ú�n). �©l“VÇ” ù�VÇØ�Ä�Ñu, ÏLlÑ.�Å

Cþ�?Ø, ­:ïÄ
�ÅCþÄ��êiA�:Ï", ¿A^u)KL§¥.

��,ÏL�þ�(^��ÚOþ——Ï"L«)Ú©Ñ§Ý(^��ÚOþ——�

�L«)�'�'u�ÅCþ�O�ü�Ø�ª`²ü�ÚOA��^å.

�©�9�K8Øõ, �
SN´ÀÃ���(Ø�´�Un)¿Ø�\�

[!¯K. éõVÇØ¥�¯Käk���óÆpÝ, Xó,�7,!ÛÜ��

Û!k��Ã��p�m�'X. Öö3�K�{, Ø�c[���VÇØ��


��Ä:�¯K, �Ù,��Ù¤±,, ù��½¬|^VÇØk�JpgE

Uå.

du�öâÕÆf, XJ©Ù¥k�Ø��Öö�Ø�f�. ©¥éõ½n

ÚØ�ª�y²Öö�±3?Û��0�VÇØ�Öþé�, 3d�u�Ì, Ø

3Kã.
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��

a�CCFJø
Ð«g·�²�.

a�X��P��Ï±5é·���.

a�Üø«, Nh,, _�+ÓÆé·�Ø©JÑ�B¿�.

a�I1, Æ�é·���.

ë�©z

[1] �W, 5VÇØ6, �ÆÑ��.

[2] d0¥#64�#>Ü,5êÆx——ép�êÆ��g*ü�À6, þ°�

E��Ñ��.

[3] http://tsinsen.com/A1475, Codeforces 113D Museum.
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