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ÏLx©¼ã��{§éN´�Ñd¯K��Yµa+ b− c"
·��±�ÑT¯K���/ªµ���k�8�U§U¥��kü«5

�P1ÚP2§÷vP15����|¤8ÜS1§÷vP25����|¤8ÜS2§

@oþ¡�¯K��u´¦��÷vü«5�������ê§�±L«¤ù

�µ

|S1 ∪ S2| = |S1|+ |S2| − |S1 ∩ S2|

Ù¥|S|L«8ÜS¥����ê"
·��ÄU¥��kn«5�P1, P2, P3§éA�f8´S1, S2, S3§E,�±

ÏLx©¼ã��{§��e¡��ªµ

|S1 ∪S2 ∪S3| = |S1|+ |S2|+ |S3| − |S1 ∩S2| − |S1 ∩S3| − |S2 ∩S3|+ |S1 ∩S2 ∩S3|
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��/§�U¥��kn«ØÓ�5�§1i«5�¡�Pi§÷vPi���|

¤8ÜSi§@o

½n2.1.1. ÷vP1, P2, · · · , Pn¥����5��U¥����ê´

|S1 ∪ S2 ∪ · · · ∪ Sn| =
∑
i

|Si| −
∑
i<j

|Si ∩ Sj|+
∑
i<j<k

|Si ∩ Sj ∩ Sk| − · · ·

· · ·+ (−1)n−1|S1 ∩ S2 ∩ · · · ∩ Sn|

y². �Ä��?u
⋃n
i=1 Si¥���x§§¤ám�8ÜT1, T2, · · · , Tm§@o·

�O��eþªm>ÚO�x�êcntµ

cnt = |{Ti}| − |{Ti ∩ Tj|i < j}|+ · · ·+ (−1)m−1|{T1 ∩ T2 ∩ · · · ∩ Tm}|

= C1
m − C2

m + · · ·+ (−1)m−1Cm
m

= −

(( m∑
i=0

(−1)iCi
m

)
− C0

m

)

= −
(

(1− 1)m − 1

)
= 1

(Ü��ª½n=�y²N½�n��(5"
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⋂n
i=1 SiL«I�Oê��8§-SL«8ÜS'u�8U�Ö8§@

oSiÒL«Ø÷v5�Pi�8Ü"�Ä�I�Oê�´÷vP1, P2, · · · , Pn�
��§·�?1�ÚÖÖÖ888===zzz§¦Ø÷v����5��U¥����ê§

=
⋃n
i=1 Si§ù�8Ü�Oê�ªÒÚ�caq§¤±

½n2.1.2. ÷vP1, P2, · · · , Pn¥¤k5��U¥����ê´

|S1 ∩ S2 ∩ · · · ∩ Sn| = |U | − |S1 ∪ S2 ∪ · · · ∪ Sn|

nþ¤ã§·��±|^N½�n3¦¦¦¿¿¿888���������êêêÚ¦¦¦���888���������êêêù
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2.2 ²;¯K

·�ÏLA�|ÜOê�²;K8§5&ÄXÛA^N½�n"

2.2.1 Ø½�§�K�ê)Oê

¯K2.2.1. �ÄØ½�§

x1 + x2 + · · ·+ xn = m

Ún���^�xi ≤ bi§Ù¥mÚbiÑ´�K�ê§¦T�§��K�ê)�ê

8"

3)ûù�¯K�c§ùpØ\y²/�Ñ��(Øµ

½n2.2.1. Ø½�§x1 + x2 + · · ·+ xn = m��K�ê)ê8�Cn−1
m+n−1"

3A^N½�nc§·�I�éÑ�8U§±9�xU¥���Pi"

• U´÷vx1 + x2 + · · ·+ xn = m�¤k�K�ê)¶

• éuz�Cþi§ÑéA��Pi§Pi�L�5�´xi ≤ bi"
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�÷vPi�¤k)|¤8ÜSi§@o·�I�¦)��Ò´µ|
⋂n
i=1 Si|"

d�c��£·��±�Ñµ |
⋂n
i=1 Si| = |U | − |

⋃n
i=1 Si|"|U |���±

d½n2.2.1O�§·�X�Ä�¡�Ü©§ù�´�cN½�n���/

ª�

ÏLÐm
⋃n
i=1 Si§¯K=z¤µéu,A�A½�Si§¦)÷vù
^�

�)�ê8"��/§�Ñ1 ≤ i1 < i2 < · · · < it ≤ n§¦|
⋂t
k=1 Sik |"

�ÄSik�¹Â§=÷vxik ≥ bik + 1�)�ê8"éz��k§Ñ�

÷vù�^�§=ÜÜÜ©©©CCCþþþkkkeee...������§·��±3�§�m>~�e.

Ú
∑k

i=1 (bik + 1)§@o#�§�)�·��¦�)´��éA��#�§�

z�CþÑvkþe.��§¤±Ó��±^½n2.2.1 ¦Ñ"

u´·��I�qÞ{S1, S2, · · · , Sn}���f8§?1N½�n�O�=
�"

�Ä)KL§§·�k´r¯K�¤8Ü�/ª§éÑ�8U§±9·�

�)I�÷v�5�Pi§,��ÑI�¦��ªf§^N½�n?1Ðm§u

´·��±XúÛÜ§ù����êÒ��~�§¤�����)�¯K§�

�·�r�YÜ¿å5Ò�±
"

2.2.2 � ü�Oê

¯K2.2.2. ¡���Ý�n�ü�p�� ü�§��=�é¤k�1 ≤ i ≤ n§

Ñ÷vpi 6= i"�Ñn§¦�Ý�n �� ü��ê8"5¿ü�¥1�n��ê

ÑTÐÑy1g"

ÓþK§·�Äk©Û�8UÚ5�Piµ

• UL«�Ý�n�¤kü�¶

• éuz� �i§ÑéA��Pi§Pi�L�5�´pi 6= i"

Ó��÷vPi�)|¤8ÜSi§@o·�I�¦��E´|
⋂n
i=1 Si|�

u´^Ó��?n�{§·��Ñ|
⋂t
k=1 Sik |§·��ÄSik�¹Â§=pi =

i�ü�ê8§éz��k§Ñ(½
ü�¥�� ��ê§¤±�kt� �

�ê�(½
§Ù¦ �´vk���§¤±éA��YÒ´(n− t)!"
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?�Ú�±íÑ§��·�qÞ�{Si}�f8�����§§�é�Y�
�z�´������Ý�n�� ü�ê´Dn§@o·�kµ

Dn = n!−
n∑
t=1

(−1)t−1
∑

i1<i2<···<it

(n− t)!

= n! +
n∑
t=1

(−1)tCt
n(n− t)!

= n! +
n∑
t=1

(−1)t
n!

t!

= n!
n∑
t=0

(−1)t

t!

dd·�uy§^N½�n)û¯K��mE,ÝØ�½´�ê?§·�

�±é�
é�Y�z����¹?1Ü¿§ù�EU�Ñp���{"

,	§� ü�êDn�k4í��{§k,��ÓÆ�±,1&Ä"

2.3 ~K)Û

e¡ÏL�
~K§w�wN½�n3&EÆ¥�A^"

2.3.1 HAOI2008M1	Ô

¯K2.3.1. k4«¡��M1§1i«M1�¡�´ci"kngÎ¯§z�Î¯

¥1i«M1�ê8´di§±9��	Ô±s§£�G±�{�ê8"êâ5

�n ≤ 103, s ≤ 105"

ùKÐ�w´��²;�õ��¯K§�´²L©Û§·�uyügÄ

�5y��ÐE,Ý´O(4s)§éuõgÎ¯��Ã{«É"

�´ùK������¯Kk��²w�ØÓµM1£=ØÓ�Ô¬¤�

k4«"�§ezg	ÔvkM1ê8���§�±^��Ä�5yý?n

�O(1)£�z|Î¯"

�Ä�gÎ¯§1i«M1¦^�ê8´xi§@oI�÷vc1x1 + c2x2 +

c3x3 + c4x4 = s§�xi ≤ di"·�uy§ù��c�Ø½�§�K�ê)Oê�

~aq§�ØLz�Cþck��Xê"
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Ó�·�^N½�n5?nù�¯K§SiL«÷vxi ≤ di�)�ê8§SiL

«÷vxi ≥ di + 1 �)�ê8§�ÄeZSi��8§=�
M1¦^êke�§

·�Ó��±ls¥~�e.Ú§¯KC¤
éu��s′§eM1¦^ê8Ã

��§kõ�«ØÓ�G±�ª"ù´��²;�Ã���¯K§�±ý?

n"

¤±éz|Î¯?1N½§����s�m§@oo��mE,ÝÒ

´O(4m+ n · 24)"

�Ä·��)KL§§·�Äkuy¯K�²;�{�mE,ÝLp§�

´·�84
K8�AÏ5§ÏL�Ñ¯K�êÆ/ª§ÏLé�§A^N½

�nr¯K©§~�
ÛÜ¯K���ê§�ª)û
¯K"

2.3.2 �MKiZ

¯K2.3.2. AliceÚBob3iZ"¦�k��n�:�Ã���ã§�¤k�

>|¤
8ÜE§u´¦���HE�¤k��f8§é,�8ÜSk���

df(S)§ù��d´ù�O��µ�Än�:�S¥�>|¤�ã§·�^m«

ôÚé¤k:/Ú§Ù¥Ó��éÏ¬�:7L/¤�«ôÚ§@of(S)�u

ù�ã�/Ú�Yê"Ó�§AliceU�Ûê§¤±�|S|�Ûê�§Alice�©

�\þf(S)§ÄKBob�©�\þf(S)"¦��Alice�©�~�Bob�©���

�109 + 7�(J"êâ5�n,m ≤ 106"

w,·�Ã{qÞE�¤k��f8¶,��¡§éu�Ó�|S|§éÏ¬
ê8�Ø¦�Ó"·�q�éØ���â»�"ù«�¹e§·�ÒAT�Ñ

¯K�êÆ/ª§2?1©Û"

Äk§��¯¢´§/Ó�éÏ¬7L/�Ó�ôÚ0�/k>���ë

�ü:7L/�Ó�ôÚ0´�d�"u´·��±éz�:���Cþ§

^xiL«1i�:�ôÚ§xi´[1,m]¥��ê§@o�^Ã�>(i, j)ÒL«��

�ªxi = xj"·��ÄAlice��©scoreAÚBob��©scoreB§-F (C)L«3
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�¹Ce�/Úê§^[C]L«���¹C§K

scoreA =
∑

∅6=S⊆E,|S|´Ûê

F

 ⋂
(i,j)∈S

[xi = xj]


scoreB =

∑
∅6=S⊆E,|S|´óê

F

 ⋂
(i,j)∈S

[xi = xj]


y3�Äans = scoreA− scoreB§=|S|�Ûê��z��§|S|�óê´�z�
K§N´��\��−1��òªfÚ�µ

ans =
∑
∅6=S⊆E

(−1)|S|−1F

 ⋂
(i,j)∈S

[xi = xj]


·�r[xi = xj]ù

n(n+1)
2
��¹^Pi�O§-t = n(n+1)

2
§KPi�i�����

´1 ≤ i ≤ t"-Q = Pi§@o2�Äþªµ

ans =
∑
∅6=S⊆Q

(−1)|S|−1F

(⋂
Pi∈S

Pi

)
=

∑
i

F (Pi)−
∑
i<j

F (Pi ∩ Pj) + · · ·+ (−1)t−1F (P1 ∩ P2 ∩ · · · ∩ Pt)

5¿�ù�/ª�N½�n4Ù�q�·��±�âN½�n§_�©ÛÑþ

ªm>¤¦��¹Â§=

ans = F

(
t⋃
i=1

Pi

)

�Äþªm>�¹Â§=������kkküüü���:::ôôôÚÚÚ���ÓÓÓ�/Úê�@oT¯K¥�8

´:�/Ú�Y8Ü§ÏLÖ8=z§·�Ò�I�¦:::üüüüüüôôôÚÚÚØØØÓÓÓ�/Ú

ê�ù��O��{´w,�§�Y´
∏n

i=1 (m− i+ 1)"¤±�¯K�YÒ

´mn −
∏n

i=1(m− i+ 1)"

[%�ÓÆATuy
§þ¡�ªf¥�3��¼êF§§é���¹§

=�
^���½Â§Ù¢·��Ä÷vPi�/Ú�Y�¤8ÜSi§@oÙ

¢F (
⋂
Pi) = |

⋂
Si|§ù�ÒÚ�c�N½�n/ª��
"

£�·��)KL§§·�Äk���Ñ
�Y�êÆ/ª§r�
©i

^�=z�êÆ^�§2?1�
��!�\§����'ueZ^���8
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�ªf§�ª��N½�n�/ª§___���©©©ÛÛÛÑ¯K���§éÑ�{¿)û

¯K"XJ`�5�N½�nÑ´ÏLXúÛÜ§�Ü�Y§3,«¿Âþ?

1
/�©0§@où�K8¥·�Ò´^��N©Û��{§é�Y���

P��ªf?1
/È©0§����{'��Y"ùü���ÑNy
&E

Æ¥�===zzzg�"

3 N½�n�í2

3.1 êØ¥�N½�n

·��Ä��²;�¯Kµ�����ên§¦1�n¥�np��ê��

êϕ(n)"

¯¢þ·��¦�´|{x|1 ≤ x ≤ n, gcd(x, n) = 1}|§Ù¥gcd(a, b)L

«aÚb���ú�ê"5¿�ù�´��é,�8ÜOê�¯K§�´gcd(x, n) =

1ù����/�0§Ï�gcdù�¼ê���/E,0§¤±§·�AT��l

��ú�ê�5�§�rgcd(x, n) = 1ù���¤eZ�����"

·��Äü�êaÚb��Ïê©)§ea = pa11 p
a2
2 · · · p

ak
k §b = pb11 p

b2
2 · · · p

bk
k §

@o·�kgcd(a, b) = p
min(a1,b1)
1 p

min(a2,b2)
2 · · · pmin(ak,bk)

k §Ù¥min(x, y)L«x

Úy¥����"

5¿�§eü�êaÚb���ú�ê´1§@o§��Ïê©)¥�½vk

�Ó��ê§ù´��¿�^��¤±§en�ØÓ��Ïfkp1, p2, · · · , pk�k�§
@o·�I�ÚO�xÒ�Ó�÷vk�^�§=éu1 ≤ i ≤ k§ÑkxØ´pi�

�ê"

y3·��±r·��(Ø�¤êÆ�/ª"�PiL«xØ´pi��êù�

5�§SiL«1�n¥÷vPi�ê|¤�8Ü§@oùp��8UÒ´1�n��

ê8Ü§·�I�¦�Ò´µ

|{x|1 ≤ x ≤ n, gcd(i, n) = 1}| =

∣∣∣∣∣
k⋂
i=1

Si

∣∣∣∣∣
= |U | −

∣∣∣∣∣
k⋃
i=1

Si

∣∣∣∣∣
= n−

∣∣∣∣∣
k⋃
i=1

Si

∣∣∣∣∣
2013c&EÆc���¥II[èÿÀè
Ø© 128



f!N½�n ¤ÑÔ¥ �&

ùÒ´��N½�n�ªf�

2�Ä∩iSi�¹Â§§L«�´éu�
�ê§·�ÚO[1, n]þkõ��

êÓ�´ù
ê��ê"ù��ÚO�{�~{üµ��ê�È�m§@o�

YÒ´ n
m
"

¤±·��±�Ñ·�¤¦�Y�L�ªµ

|{x|1 ≤ x ≤ n, gcd(i, n) = 1}| = n−
∑
i

n

pi
+
∑
i<j

n

pipj
− · · ·+ (−1)k

n

p1p2 · · · pk

= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(

1− 1

pk

)
= n

k∏
i=1

(
1− 1

pi

)
ùÙ¢Ò´Í¶�î.úª"

lù�~f�±uy§·�N½��Ä�´���ê�8Ü§·��H

ù�8Ü�f8�§����ê�¦È¥¤k�Ïf�gêÑ´1§·�¡ù�

�ê�ÃÃÃ²²²���ÏÏÏfffêêê"2w1�n¥z�n��êé�Y��z§w,�k1ÚÃ

²�Ïfêk�z§�Ã²�Ïfê¤��z��K��Ïf��êk'"

½Â��¼êµ(n)§§½Â3��ê8Üþ§�

µ(n) =


1 n = 1

(−1)k n = p1p2 · · · pk
0 otherwise

ùÙ¢Ò´Í¶�###'''¿¿¿ddd¼¼¼êêê"·�2#�Ä�c�¯K§N½L§¥�

L�ª�±�¤ϕ(n) =
∑

d|n µ(d)n
d
"

êØ¥�éõOê¯KÑ�±^aq��{)ûµ�	/���0=�ê§

O�/Ü©0=z��êé�Y��z§|^#'¿d¼ê?1N½"3êØ

¥§�k�«�{�###'''¿¿¿ddd���üüü§k,��ÓÆ�±,1&Ä"

3.2 VÇØ¥�N½�n

3VÇØ¥§éu��VÇ�mS�n�¯�A1, A2, · · · , An§��3X�
�N½�nµ

P

(
n⋃
i=1

Ai

)
=
∑
i=1

P(Ai)−
∑
i<j

P(Ai ∩ Aj) + · · ·+ (−1)n−1P(A1 ∩ A2 ∩ · · · ∩ An)
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e¯���8u)�VÇ�Ú¯��êþk'§��k�¯���8�VÇ

�ak§@o�±^|Üê{zµ

P

(
n⋃
i=1

Ai

)
=

n∑
k=1

(−1)k−1Ck
nak

N½�n3VÇØ¥�¢SA^'���§)ö�vk^N½�n)ûV

Ç¯K�²�"ù�+�EI���Ú�&Ä"

4 N½�n���z

4.1 ý��£

dc¡��§N½�n·^ué8Ü�Oê¯K§Ù¢§éuü�'u8

Ü�¼êf(S)Úg(S)§e

f(S) =
∑
T⊆S

g(T )

@oÒk

g(S) =
∑
T⊆S

(−1)|S|−|T |f(T )

ù´���\���/ª§�éu�c?ØL�A«�/e�N½�n

ÑUé�f(S)Úg(S)¼ê?1éA§Ù¥SL«�´n�5��8Ü"dué�

�f(S)Úg(S)/ªéE,§3dÑL§k,��ÓÆ�±ë��Äz�/N½

�n0c^"

,	§þ¡�ªf��±�\C/�¤ù�µ

f(S) =
∑
T⊇S

g(T )

g(S) =
∑
T⊇S

(−1)|S|−|T |f(T )

Ù¢�^r�cªf¥SÚTO�¤'u�8�Ö8§⊆ÒÒ�¤⊇
"
e¡·�ÏL��~f5a��e"
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4.2 ~KµkIÒDAGOê

¯K4.2.1. �Ñn§én�:�kIÒk�Ã�ã?1Oê§ÑÑ�Y�109+7�

�"êâ5�n ≤ 5× 103"

ù´�aã�Oê�¯K"·��ÄÄ�5y§Ï�k�Ã�ã¥k�a

AÏ�:§=0\Ý�:§¤±Pdp(i, j)L«i�:�k�Ã�ã§Ù¥Tkj�

:�\Ý�0§��Y§@o·��Ä�Kùj�:�§�kk�:\Ý�0§�

Ñ=£

dp(i, j) = Cj
i

i−j∑
k=1

(2j − 1)k2j(i−j−k)dp(i− j, k)

Cj
iL«li�:¥ÀÑj�:�À{§�Kj�:��k�0\Ý:�ùj�:m

��k1^>=(2j − 1)k§,�ùj�:��± Ø
ùj + k�:�	�:�¿

ë>=2j(i−j−k)"ù��{�mE,ÝO(n3)"

5¿·�3½ÂG��§´/0\Ý:TÐ�k0§Ï���Lî§��·�

I��Ä�éõ"��~���{´§3G�½Â¥ò/TÐ0U¤/Ø�u0

±�°��"�3ù�¯K¥§li�:ÀØ�uj�0Ýê:§À{éõ§=£

�EO���¹éE,§·��±�ÄòùØ�uj��:AÏz§=
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g(n, S) = 2|S|(n−|S|)g(n− |S|, ∅) (17)

,��¡§·�2�Äf(n, S)Úg(n, S)�'X§ù�'�{üµ

g(n, S) =
∑
T⊇S

f(n, T ) (18)

5¿ªf(18)��cJ����z�N½�n�q§Ø�ò�A^µ

f(n, S) =
∑
T⊇S

(−1)|S|−|T |g(n, T ) (19)

·��8�´¦g(n, ∅)§k¦^ªf(18)?1í�µ

g(n, ∅) =
∑
∅6=T

f(n, T )

=
n∑

m=1

∑
|T |=m

f(n, T )
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g(n, ∅) =
n∑
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∑
|T |=m

∑
S⊇T

(−1)|T |−|S|g(n, S)

=
n∑

m=1

∑
|T |=m

∑
S⊇T

(−1)|T |−|S|2|S|(n−|S|)g(n− |S|, ∅)

=
n∑

m=1

∑
|T |=m

n∑
k=m

Ck−m
n−m(−1)k−m2k(n−k)g(n− k, ∅)

=
n∑

m=1

Cm
n

n∑
k=m

Ck−m
n−m(−1)k−m2k(n−k)g(n− k, ∅)
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n2k(n−k)g(n− k, ∅)
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2. http://www.math.ust.hk/∼mabfchen/Math232/Inclusion-Exclusion.pdf
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